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Introducción
Modelo

Ejemplos
Equilibrio: Subasta de Vickrey

Subasta Holandesa e Inglesa
Subasta de Ausubel

Subasta generalizada de segundo precio (GSP)

Contenido

1 Introducción

2 Modelo

3 Ejemplos

4 Equilibrio: Subasta de Vickrey

5 Subasta Holandesa e Inglesa

6 Subasta de Ausubel

7 Subasta generalizada de segundo precio (GSP)

Universidad de los Andes y Quantil | MatemÃ¡ticas Aplicadas Subastas Múltiples Objetos
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Introducción

Los principales formatos son:
1 Discriminatoria (cerrada) y Holandesa (abierta)
2 Uniforme (cerrada) y Inglesa (abierta)
3 Vickrey (cerrada) y Ausubel (abierta)
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Modelo

Consideramos subastas simultáneas de múltiples unidades del
mismo bien.

Suponemos que no hay complementaridades entre los objetos:
La valoración marginal de ganar un segundo objeto es menor
que la del primer objeto.

Vamos a considerar los tres formatos más importantes para
subastar K objetos idénticos: discriminatoria, Vickrey y
uniforme.

Cada jugador debe mandar K ofertas bik que satisfacen
bi1 ≥ bi2 ≥ ...,≥ biK .

bij es la disponibilidad de i a pagar por la j ésima unidad.
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Modelo

Sea c : RKI
+ → RKI

+ el vector ordenado (de mayor a menor) de
las I × K ofertas.

Sea c−i : RKI
+ → RK(I−1)

+ el vector de K × (I − 1) de ofertas
ordenado (de mayor a menor) que enfrenta i .

c−ik es la k-ésima oferta más alta que enfrenta i .

Regla de asignación: Si i tiene exactamente k ≤ K de la K
ofertas más altas (entonces se le asigan k objetos), es decir si
(por simplicidad suponemos que no hay empates)
bik > c−iK−k+1 y bik+1 < c−iK−k .

En caso de empate por una unidad, se asigna con la misma
probabilidad a los agentes que empatan.



Modelo

Esta estrutura es común a los tres tipos de subastas que
vamos a considerar.

La diferencia entre ellas se debe a la regla de asignación (en
particular, la componente que determina el pago esperado de
cada agente).

En la subasta discriminatoria si el agente i gana exactamente

k i unidades entonces paga,
k i∑

k=1

bik .

Obsérvese que cuando K = 1 es la subasta al primer precio.



Modelo

En la subasta uniforme todas las unidades son vendidas al
precio que agota la oferta y la demanda (precio de equilibrio).

Suponemos que este precio es el más alto perdedor

Puesto que i gana exactamente k i > 0 unidades si y sólo si:

bik i > c−i
K−k i+1

y bik i+1 < c−i
K−k i

Entonces la oferta más alta perdedora es:

p(b) = máx
{
bik i+1, b

−i
K−k i+1

}
O, alternativamente

p(b) = máx
{
bik i+1, c

−i
K−k i+1

}
Luego, cada agente paga por cada unidad ganada p(b).

Obsérvese que cuando K = 1 ésta se reduce al a subasta al
segundo precio. Sin embargo NO es una generalización
apropiada a múltiples unidades.



Modelo

En la subasta de Vickrey i gana exactamente k i > 0 unidades
si y sólo si:

bik i > c−i
K−k i+1

y bik i+1 < c−i
K−k i

y paga por la k ésima unidad c−i
K−k i+k

.

Luego su pago total es:

k i∑
k=1

c−i
K−k i+k

La subasta de Vickrey es la generalización apropiada de la
subasta al segundo precio.
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Ejemplos

Example

Supongamos que K = 6 y tenemos 3 agentes participando.
Supongamos que las ofertas son:

b1 = (50, 47, 40, 32, 15, 5)

b2 = (42, 28, 20, 12, 7, 3)

b3 = (45, 35, 24, 14, 9, 6)

Denotamos por c el vector ordenado de mayor a menor de todas

las ofertas:
c = (50

1
, 47

1
, 45

3
, 42

2
, 40

1
, 35

3
, 32, ...)
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Example

Ofertas y ordenamiento:

b1 = (50, 47, 40, 32, 15, 5)

b2 = (42, 28, 20, 12, 7, 3)

b3 = (45, 35, 24, 14, 9, 6)

c = (50
1
, 47

1
, 45

3
, 42

2
, 40

1
, 35

3
, 32, ...)

Las seis más altas son las ganadoras. Por lo tanto el agente 1 gana

3 unidades, el agente 2 gana 1 unidad y el agente 3 gana 2
unidades. El precio de cierre es 32 (el más alto perdedor).
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Example

En el ejemplo anterior:

c−13 = 35, c−14 = 28

y el agente 1 gana exactamente 3 unidades porque:

b13 = 40 > c−14 = 28

b14 = 32 < c−13 = 35

y el precio de cierre es:

p = máx
{
b14, c

−1
4

}
= máx {32, 28} = 32
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Example

El pago en la subasta de Vickrey para el agente 1 es:

c−14 + c−15 + c−16 = b22 + b33 + b23
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Subasta de Vickrey

En la subasta de Vickrey es un equilibrio en estrategias
dominantes (débil) revelar la verdadera valoración,
bV (x1, ..., xn) = (x1, ..., xn).

En particular, la subasta de Vickrey asigna de forma eficiente.

Como veremos en la demostración el argumento no depende
de que los agentes sean simétricos.

Obsérvese que el pago del agente no depende de su oferta
sino solamente de b−i y del número de unidades ganadas.

Sea k i el número de unidades que el gana cuando oferta bi y
los demás ofertan b−i .
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Subasta de Vickrey

Un agente nunca ofertará por ninguna unidad por encima de
su valoración.

Supongamos que por la unidad k el agente oferta más
(escojamos k como el mayor número para el que esto pasa);
considere la oferta que se diferencia de la anterior solo en la
unidad k en donde es la verdadera valoración.

Con esta oferta el gana el mismo número de unidades o
menos. Si gana el mismo entonces es indiferente entre ambas.

Si gana menos quiere decir que x ik ≤ c−iK−k+1 y k = k i , es
decir k era su última ganadora antes de cambiar la oferta (si
k < k i entonces no puede ser que pierda la unidade k pero
gane la k + 1).



Subasta de Vickrey

El excedente por las unidades que gana sigue siendo el mismo.
Ahora, para la unidad k i deja de percibir un excedente de
x i
k i − c−i

K−k i+1
≤ 0. Luego en efecto al ganar menos unidades

aumenta su excedente.

Luego ofertar sinceramente domina débilmente a cualquier
que oferta más que su valoración por una unidad. Claramente
ofertar menos que la verdadera valoración está dominada por
la oferta sincera.



Subasta de Vickrey

La subasta de Vickrey puede resultar en asignaciones
‘injustas‘.

Supongamos que K = 2, x1 = (10, 6), x2 = (9, 2). En este
caso, cada agente se lleva una unidad.
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Subasta Holandesa e Inglesa

En la Holandesa se comienza con un precio bien alto y la
personas revelan su demanda. El precio va disminuyendo hasta
que la demanda sea mayor que cero. Se entregan las unidades
demandadas a ese precio y se continua bajando el precio hasta
que otra vez la demanda sea mayor que cero. Se continua de
esta forma hasta agotar todas las unidades (análogo a la
subasta discriminatoria).

En la Inglesa se comienza con un precio muy bajo en el que la
demanda excede a la oferta. Se sube el precio hasta que por
primera vez la oferta excede la demanda. En ese momento se
asignan todas las unidades y se paga el precio inmediatamente
anterior al que la oferta es igual a la demanda (análogo a
subasta de precio uniforme).
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Oferta residual

Primero definimos la oferta residual que nos permite describir
el precio de cierre de forma conveniente.

La oferta residual se define como: residual que enfrenta el
agente i ,

s−i (p) = máx

K −
∑
j 6=i

d j(p), 0


El precio de cierre (el más alto perdedor) se puede definir
como el más alto tal que:

s−i (p) < d i (p)
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Subasta de Ausubel

Es una subasta alternativa a la inglesa de precio ascendente.

Comenzando con un precio muy bajo p = p0, s−i (p0) = 0.

La siguiente ronda p = p1 y aún s−i (p1) = 0.

El proceso continua hasta que por primera vez, en la ronda
n1, para algún i1, s−i1 (pn1) > 0. El agente i1 gana las
primeras s−i1 (pn1) unidades y paga pn1 por unidad. Si la
condición se cumple para varios agentes, a cada uno se le da
las unidades correpondientes.



Subasta de Ausubel

El proceso continua hasta que por la primera vez, en la ronda
n2, para algún agente i2, s−i2 (pn2) > s−i2 (pn1) . El agente i2
gana las primeras s−i2 (pn2)− s−i2 (pn1) unidades y paga pn2
por unidad. Si la condición se cumple para varios agentes, a
cada uno se les da las unidades correpondientes.



Subasta de Ausubel: Ejemplo

Se tiene 5 licencias y 5 participantes, cada participante se le
pueden otorgar máximo tres licencias.

of interdependent values, where bidders have
affiliated signals and exhibit constant marginal
values. Section V discusses the limitations of
the interdependent-values analysis. Section VI
concludes. Proofs appear in the Appendix.

I. An Illustrative Example

I will illustrate my proposal for an ascending-
bid, multi-unit auction with an example loosely
patterned after the first U.S. spectrum auction,
the Nationwide Narrowband Auction. There are
five identical licenses for auction.6 Bidders have
taste for more than one license, but each is
limited to winning at most three licenses.7

There are five bidders with values in the rele-
vant range, and their marginal values are given
as in Table 1 (where numbers are expressed in
millions of dollars).

For example, if Bidder A were to purchase
two licenses at a price of 75 each, her total
utility from the transaction would be computed
by: uA(1) � uA(2) � 75 � 75 � 123 � 113 �
150 � 86. In this example, bidders are pre-
sumed to possess complete information about
their rivals’ valuations.

The proposed auction is operated as an
ascending-clock auction. The auctioneer an-
nounces a price, p, and each bidder i responds

with a quantity, qi(p). The auctioneer then cal-
culates the aggregate demand and increases the
price until the market clears. Payments are cal-
culated according to a “clinching” rule. Suppose
that the auction begins with the auctioneer an-
nouncing a price of $10 million (� �). Bidders
A to E, if bidding sincerely according to the
valuations of Table 1, would respond with de-
mands of 3, 1, 3, 2, and 2, respectively. The
aggregate demand of 11 exceeds the available
supply of 5, so the auction must proceed further.
Assume that the auctioneer increases the price
continuously. Bidder E reduces his quantity de-
manded from 2 to 1 at $25 million, Bidder E
drops out of the auction completely at $45 mil-
lion, and Bidder C reduces his quantity de-
manded from 3 to 2 at $49 million, yielding:

Price Bidder A Bidder B Bidder C Bidder D Bidder E

49 3 1 2 2 0

The aggregate demand, now 8, continues to
exceed the available supply of 5, so the price
must rise further. When the price reaches $65
million, Bidder D reduces her demand from 2 to
1, but the aggregate demand of 7 continues to
exceed the available supply of 5:

Price Bidder A Bidder B Bidder C Bidder D Bidder E

65 3 1 2 1 0

Let us examine this situation carefully,
however, from Bidder A’s perspective. The
demands of all bidders other than Bidder A
(i.e., 1 � 2 � 1 � 0) total only 4, while 5
licenses are available for sale. If Bidders B to
E bid monotonically, Bidder A is now math-
ematically guaranteed to win at least one li-
cense. In the language of this article (and in
the standard language of American sports

6 In actuality, the FCC’s Nationwide Narrowband Auc-
tion offered ten licenses of three different types: five (es-
sentially identical) 50/50 kHz paired licenses; three
(essentially identical) 50/12.5 kHz paired licenses; and two
(essentially identical) 50 kHz unpaired licenses. For an
extraordinarily cogent discussion of the Nationwide Nar-
rowband Auction, see Cramton (1995).

7 In actuality, the FCC limited bidders to acquiring three
licenses, either through the auction or through resale. Ob-
serve that the total number of licenses is not an integer
multiple of each bidder’s limitation on purchases, so with
incomplete information, the inefficiency result of Ausubel
and Cramton (2002, Theorem 1) is applicable, even if the
marginal values for the first, second, and third licenses are
equal.

TABLE 1—BIDDER VALUATIONS IN ILLUSTRATIVE EXAMPLE

Bidder A Bidder B Bidder C Bidder D Bidder E

Marginal value (1 unit) 123 75 125 85 45
Marginal value (2 units) 113 5 125 65 25
Marginal value (3 units) 103 3 49 7 5
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Marginal value (3 units) 103 3 49 7 5 

of interdependent values, where bidders have 
affiliated signals and exhibit constant marginal 
values. Section V discusses the limitations of 
the interdependent-values analysis. Section VI 
concludes. Proofs appear in the Appendix. 

I. An Illustrative Example 

I will illustrate my proposal for an ascending- 
bid, multi-unit auction with an example loosely 
patterned after the first U.S. spectrum auction, 
the Nationwide Narrowband Auction. There are 
five identical licenses for a ~ c t i o n . ~  Bidders have 
taste for more than one license, but each is 
limited to winning at most three  license^.^ 
There are five bidders with values in the rele- 
vant range, and their marginal values are given 
as in Table 1 (where numbers are expressed in 
millions of dollars). 

For example, if Bidder A were to purchase 
two licenses at a price of 75 each, her total 
utility from the transaction would be computed 
by: u,(l) + u,(2) - 75 - 75 = 123 + 113 - 
150 = 86. In this example, bidders are pre- 
sumed to possess complete information about 
their rivals' valuations. 

The proposed auction is operated as an 
ascending-clock auction. The auctioneer an- 
nounces a price, p, and each bidder i responds 

In actuality, the FCC's Nationwide Narrowband Auc- 
tion offered ten licenses of three different types: five (es- 
sentially identical) 50150 kHz paired licenses; three 
(essentially identical) 50112.5 kHz paired licenses; and two 
(essentially identical) 50 kHz unpaired licenses. For an 
extraordinarily cogent discussion of the Nationwide Nar- 
rowband Auction, see Cramton (1995). 

In actuality, the FCC limited bidders to acquiring three 
licenses, either through the auction or through resale. Ob- 
serve that the total number of licenses is not an integer 
multiple of each bidder's limitation on purchases, so with 
incomplete information, the inefficiency result of Ausubel 
and Cramton (2002, Theorem 1) is applicable, even if the 
marginal values for the first, second, and third licenses are 
equal. 

with a quantity, q , (p ) .  The auctioneer then cal- 
culates the aggregate demand and increases the 
price until the market clears. Payments are cal- 
culated according to a "clinching" rule. Suppose 
that the auction begins with the auctioneer an- 
nouncing a price of $10 million (+ E). Bidders 
A to E, if bidding sincerely according to the 
valuations of Table 1, would respond with de- 
mands of 3, 1, 3, 2, and 2, respectively. The 
aggregate demand of 11 exceeds the available 
supply of 5 ,  so the auction must proceed further. 
Assume that the auctioneer increases the price 
continuously. Bidder E reduces his quantity de- 
manded from 2 to 1 at $25 million, Bidder E 
drops out of the auction completely at $45 mil- 
lion, and Bidder C reduces his quantity de- 
manded from 3 to 2 at $49 million, yielding: 

The aggregate demand, now 8, continues to 
exceed the available supply of 5 ,  so the price 
must rise further. When the price reaches $65 
million, Bidder D reduces her demand from 2 to 
1, but the aggregate demand of 7 continues to 
exceed the available supply of 5 :  

Price 

49 

Let us examine this situation carefully, 
however, from Bidder A's perspective. The 
demands of all bidders other than Bidder A 
(i.e., 1 + 2 + 1 + 0) total only 4, while 5 
licenses are available for sale. If Bidders B to 
E bid monotonically, Bidder A is now math- 
ematically guaranteed to win at least one li- 
cense. In the language of this article (and in 
the standard language of American sports 
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of interdependent values, where bidders have 
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values. Section V discusses the limitations of 
the interdependent-values analysis. Section VI 
concludes. Proofs appear in the Appendix. 

I. An Illustrative Example 

I will illustrate my proposal for an ascending- 
bid, multi-unit auction with an example loosely 
patterned after the first U.S. spectrum auction, 
the Nationwide Narrowband Auction. There are 
five identical licenses for a ~ c t i o n . ~  Bidders have 
taste for more than one license, but each is 
limited to winning at most three  license^.^ 
There are five bidders with values in the rele- 
vant range, and their marginal values are given 
as in Table 1 (where numbers are expressed in 
millions of dollars). 

For example, if Bidder A were to purchase 
two licenses at a price of 75 each, her total 
utility from the transaction would be computed 
by: u,(l) + u,(2) - 75 - 75 = 123 + 113 - 
150 = 86. In this example, bidders are pre- 
sumed to possess complete information about 
their rivals' valuations. 

The proposed auction is operated as an 
ascending-clock auction. The auctioneer an- 
nounces a price, p, and each bidder i responds 

In actuality, the FCC's Nationwide Narrowband Auc- 
tion offered ten licenses of three different types: five (es- 
sentially identical) 50150 kHz paired licenses; three 
(essentially identical) 50112.5 kHz paired licenses; and two 
(essentially identical) 50 kHz unpaired licenses. For an 
extraordinarily cogent discussion of the Nationwide Nar- 
rowband Auction, see Cramton (1995). 

In actuality, the FCC limited bidders to acquiring three 
licenses, either through the auction or through resale. Ob- 
serve that the total number of licenses is not an integer 
multiple of each bidder's limitation on purchases, so with 
incomplete information, the inefficiency result of Ausubel 
and Cramton (2002, Theorem 1) is applicable, even if the 
marginal values for the first, second, and third licenses are 
equal. 

with a quantity, q , (p ) .  The auctioneer then cal- 
culates the aggregate demand and increases the 
price until the market clears. Payments are cal- 
culated according to a "clinching" rule. Suppose 
that the auction begins with the auctioneer an- 
nouncing a price of $10 million (+ E). Bidders 
A to E, if bidding sincerely according to the 
valuations of Table 1, would respond with de- 
mands of 3, 1, 3, 2, and 2, respectively. The 
aggregate demand of 11 exceeds the available 
supply of 5 ,  so the auction must proceed further. 
Assume that the auctioneer increases the price 
continuously. Bidder E reduces his quantity de- 
manded from 2 to 1 at $25 million, Bidder E 
drops out of the auction completely at $45 mil- 
lion, and Bidder C reduces his quantity de- 
manded from 3 to 2 at $49 million, yielding: 

The aggregate demand, now 8, continues to 
exceed the available supply of 5 ,  so the price 
must rise further. When the price reaches $65 
million, Bidder D reduces her demand from 2 to 
1, but the aggregate demand of 7 continues to 
exceed the available supply of 5 :  

Price 

49 

Let us examine this situation carefully, 
however, from Bidder A's perspective. The 
demands of all bidders other than Bidder A 
(i.e., 1 + 2 + 1 + 0) total only 4, while 5 
licenses are available for sale. If Bidders B to 
E bid monotonically, Bidder A is now math- 
ematically guaranteed to win at least one li- 
cense. In the language of this article (and in 
the standard language of American sports 
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Jugador A gana 1 unidad.
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writing), Bidder A has clinched winning one 
unit. The rules of the auction take this calcu- 
lation quite literally, by awarding each bidder 
any units that she clinches, at the clinching 
price. Bidder A thus wins a license at $65 million. 

Since there is still excess demand, price con- 
tinues upward. With continued sincere bidding 
relative to the valuations in Table 1, the next 
change in demands occurs at a price of $75 
million. Bidder B drops out of the auction, but 
the aggregate demand of 6 continues to exceed 
the available supply of 5:  

Price I Bidder A I Bidder B I Bidder C I Bidder D I Bidder E 

Again examine the situation from Bidder A's 
perspective. Her opponents collectively de- 
mand only 0 + 2 + 1 + 0 = 3 units, 
whereas 5 units are available. It may now be 
said that she has clinched winning 2 units: 
whatever happens now (provided that her ri- 
vals bid monotonically), she is certain to win 
at least 2 units. Hence, the auction awards a 
second unit to Bidder A at the new clinching 
price of $75 million. By the same token, let us 
examine this situation from Bidder C's per- 
spective. Bidder C's opponents collectively 
demand only 3 + 0 + 1 + 0 = 4 units, 
whereas 5 units are available. He has clinched 
winning 1 unit: whatever happens now (pro- 
vided that his rivals bid monotonically), he is 
certain to win at least 1 unit. Hence, the 
auction awards one unit to Bidder C at a price 
of $75 million. 

There continues to be excess demand until 
the price reaches $85 million. Bidder D then 
drops out of the auction, yielding: 

At $85 million, the market clears. Bidder A, 
who had already clinched a first unit at $65 
million and a second at $75 million, wins a third 
unit at $85 million. Bidder C, who had already 
clinched a first unit at $75 million, wins a sec- 

Price 

85 

ond unit at $85 million. In summary, we have 
the following auction outcome: 

Observe that the outcome is efficient: the 
auction has put the licenses in the hands of 
bidders who value them the most. Also ob- 
serve that the new (dynamic) auction has ex- 
actly replicated the outcome of the (sealed- 
bid) Vickrey auction. Bidder A won her first 
unit at the third-highest rejected bid, her sec- 
ond unit at the second-highest rejected bid, 
and her third unit at the highest rejected bid. 
Bidder C won his first unit at the second- 
highest rejected bid and his second unit at the 
highest rejected bid. 

One interesting observation is that if Bidder 
A had been subject to a binding budget con- 
straint of strictly between $225 and $255 mil- 
lion in this example, then the standard Vickrey 
auction would have likely failed to deliver the 
efficient outcome. In the sealed-bid implemen- 
tation asking bidders to report their valuations 
using downward-sloping demand curves, the 
budget-constrained Bidder A would have been 
unable to afford to report that her marginal 
value for a third unit exceeded $85 million and 
so the item would instead have been awarded to 
Bidder D. There is no such difficulty in the 
proposed ascending-bid auction: Bidder A 
would fail to win three units only if her budget 
constraint were less than $225 million, a limit 
so low that it would prevent her from paying the 
true opportunity cost of the third unit.8 
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If a budget-constrained multi-unit bidder bids only against 
single-unit bidders without budget constraints, then the pro- 
posed ascending-bid auction yields increased efficiency and 
revenues as compared to the sealed-bid Vickrey auction. In 
general multi-unit environments with budget constraints, how- 
ever, the effect is ambiguous for two reasons. Fist, the ascend- 
ing-bid auction facilitates the expression of full valuations by 
multi-unit bidders. If single-unit bidders themselves face bud- 
get constraints, then the multi-unit bidder may already win 
more in the sealed-bid auction than is efficient-despite her 
own budget constraint-and the ascending-bid auction may 
then exacerbate this effect by relaxing her budget constraint. 
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Subasta generalizada de segundo precio

Los anunciantes ofertan cuanto están dispuesto a pagar por
click (una única oferta) por busquedas de ciertas palabras
claves.

Se ordenan las ofertas de mayor a menor y de esa forma se
asignan los espacios.

Cada anunciante paga el costo de la oferta del anunciante
inmediatamente debajo.

GSP no es reveladora de las verdaderas disponibilidades a
pagar por click.

Tiene múltiples equilibrios de Nash y algunos no son óptimos.

Sin embargo, existe por lo menos un equilibrio óptimo.
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Subasta generalizada de segundo precio

Supongamos que hay tres espacios publicitarios para ser vendidos y
tres compradores de ciertas palabras clave. Los espacios los
denotamos por a, b, c y estos tienen clickthrough rates 10, 4 y 0
respectivamente. Denotamos los compradores por x , y , z y sus
ganacias estimadas por click 7, 6 y 1 respectivamente.

1 Mostrar que ofertar la verdadera valoración no es un equilibrio
cuando se usa la subasta generalizada de segundo precio GSP
(i.e., si x reduce de forma unilateral su oferta a 5 mejora).

2 Mostrar que si los compradores ofertan 5, 4 y 2
respectivamente en la subasta GSP este es un equilibrio. Cuál
es el ingreso del subastador?

3 Mostrar que si los compradores ofertan 3, 5 y 1
respectivamente en la subasta GSP este es un equilibrio. Cuál
es el ingreso del subastador?
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