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Predicción y Control Off-Policy
Resumen

Métodos de Montecarlo

Alvaro J. Riascos Villegas
Universidad de los Andes y Quantil

Noviembre de 2024

Montecarlo Uniandes y Quantil



Introducción
Evalución de la Función Valor del Estado

Evalución de la Función Valor de la Acción
Estimación de la Función de Poĺıtica Óptima
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Introducción

Usualmente no conocemos el MDP (ambiente) con exactitud
o puede ser muy dificil hacerlo (e.g., juego de 21) Sin
embargo, es posible muestrear de tuplas de estados, acciones
y recompensas observados o simulados de la interacción con
el medio ambiente.

En ambos casos la idea es aprender de la experiencia.

En el caso de una interacción directa con el medio ambiente,
se aprende de explotar y explorar (como en el caso de un
bandido multiarmado).

En el caso de una interacción simulada, se utiliza un modelo
para generar estados futuros pero no es necesario conocer la
distribucion completa de estados y recompensa (i.e., p(s’,r’)).

Montecarlo Uniandes y Quantil



Introducción

Vamos a seguir una estrategia de estimación de funciones
valor y poĺıtica inspiradas en PD.

Para esto lo primero es aprender a evaluar la función valor del
estado y acción.

MC usa episodios completos para aprender. Se actualiza una
vez termina el episodio.

No hace bootstrapping. En PD se actualiza la estimación de
la función valor en un estado utilizando estimaciones de la
misma función en todos los estados.

En MC las estimaciones en cada estado son independientes.

Dos versiones: on policy y off policy. La primera se basa en
aprender de su propia interacción con el ambiente (i.e., mejor
estimación de la poĺıtica). La segunda, de observar otra
poĺıtica.
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Primera Visita Predicción de MC

92 Chapter 5: Monte Carlo Methods

To handle the nonstationarity, we adapt the idea of general policy iteration (GPI)
developed in Chapter 4 for DP. Whereas there we computed value functions from knowledge
of the MDP, here we learn value functions from sample returns with the MDP. The value
functions and corresponding policies still interact to attain optimality in essentially the
same way (GPI). As in the DP chapter, first we consider the prediction problem (the
computation of v⇡ and q⇡ for a fixed arbitrary policy ⇡) then policy improvement, and,
finally, the control problem and its solution by GPI. Each of these ideas taken from DP
is extended to the Monte Carlo case in which only sample experience is available.

5.1 Monte Carlo Prediction

We begin by considering Monte Carlo methods for learning the state-value function for a
given policy. Recall that the value of a state is the expected return—expected cumulative
future discounted reward—starting from that state. An obvious way to estimate it from
experience, then, is simply to average the returns observed after visits to that state. As
more returns are observed, the average should converge to the expected value. This idea
underlies all Monte Carlo methods.

In particular, suppose we wish to estimate v⇡(s), the value of a state s under policy ⇡,
given a set of episodes obtained by following ⇡ and passing through s. Each occurrence
of state s in an episode is called a visit to s. Of course, s may be visited multiple times
in the same episode; let us call the first time it is visited in an episode the first visit
to s. The first-visit MC method estimates v⇡(s) as the average of the returns following
first visits to s, whereas the every-visit MC method averages the returns following all
visits to s. These two Monte Carlo (MC) methods are very similar but have slightly
di↵erent theoretical properties. First-visit MC has been most widely studied, dating back
to the 1940s, and is the one we focus on in this chapter. Every-visit MC extends more
naturally to function approximation and eligibility traces, as discussed in Chapters 9 and
12. First-visit MC is shown in procedural form in the box. Every-visit MC would be the
same except without the check for St having occurred earlier in the episode.

First-visit MC prediction, for estimating V ⇡ v⇡

Input: a policy ⇡ to be evaluated

Initialize:
V (s) 2 R, arbitrarily, for all s 2 S

Returns(s) an empty list, for all s 2 S

Loop forever (for each episode):
Generate an episode following ⇡: S0, A0, R1, S1, A1, R2, . . . , ST�1, AT�1, RT

G 0
Loop for each step of episode, t = T�1, T�2, . . . , 0:

G �G + Rt+1

Unless St appears in S0, S1, . . . , St�1:
Append G to Returns(St)
V (St) average(Returns(St))

Otra alternativa es usar todas las visitas. En este caso se usa
el mismo pseudo-algoritmo excepto cuando se verifica si St ya
ocurrio entre los estados anteriores.

Montecarlo Uniandes y Quantil
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Calcular el promedio de los retornos y mantenerlos en
memoria es ineficiente.

Se puede modificar el algoritmo para hacer la actualización de
forma incremental y más adecuada para entornos no
estacionarios.

Lo denominamos α - Montecarlo predicción de la función
poĺıtica:

V (St)← V (St) + α(Gt − V (St)) (1)

Montecarlo Uniandes y Quantil



Ejemplo: El Juego de 21

El centro (dealer) utiliza una poĺıtica fija: para cuando la
cartas suman 17 o mayor. Caso contrario, continua.

Si el centro se pasa de 21 pierde. De lo contrario el resultado
depende de quien este más cerca de 21 (puede haber un
empate).

El jugador toma su decisión con base a tres variables: la suma
de sus cartas, la carta que muestra el centro (un As es 10) y si
el tiene o no un As usable (en total 200 estados).

La poĺıtica del jugador es parar si sus cartas suman 20 o 21.
De lo contrario, continuar.
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Figure 5.1: Approximate state-value functions for the blackjack policy that sticks only on 20
or 21, computed by Monte Carlo policy evaluation.

Exercise 5.1 Consider the diagrams on the right in Figure 5.1. Why does the estimated
value function jump up for the last two rows in the rear? Why does it drop o↵ for the
whole last row on the left? Why are the frontmost values higher in the upper diagrams
than in the lower? ⇤
Exercise 5.2 Suppose every-visit MC was used instead of first-visit MC on the blackjack
task. Would you expect the results to be very di↵erent? Why or why not? ⇤

Although we have complete knowledge of the environment in the blackjack task, it
would not be easy to apply DP methods to compute the value function. DP methods
require the distribution of next events—in particular, they require the environments
dynamics as given by the four-argument function p—and it is not easy to determine
this for blackjack. For example, suppose the player’s sum is 14 and he chooses to stick.
What is his probability of terminating with a reward of +1 as a function of the dealer’s
showing card? All of the probabilities must be computed before DP can be applied, and
such computations are often complex and error-prone. In contrast, generating the sample
games required by Monte Carlo methods is easy. This is the case surprisingly often; the
ability of Monte Carlo methods to work with sample episodes alone can be a significant
advantage even when one has complete knowledge of the environment’s dynamics.

Can we generalize the idea of backup diagrams to Monte Carlo algorithms? The
general idea of a backup diagram is to show at the top the root node to be updated and
to show below all the transitions and leaf nodes whose rewards and estimated values
contribute to the update. For Monte Carlo estimation of v⇡, the root is a state node, and
below it is the entire trajectory of transitions along a particular single episode, ending
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Predicción y Control Off-Policy
Resumen

Primera Visita Función Valor del Estado y la Acción

Cuando se tiene un modelo se puede estimar el mejoramiento
de una función de poĺıtica simplemente estimando una acción
de forma codiciosa. Esto no es posible cuando no tenemos
un modelo.

La alternativa es estimar la función valor de la acción.

La estrategia es la misma del algoritmo de Primera Visita
Predicción de MC. En este caso lo que interesa es las visitas a
parejas (s, a).

Montecarlo Uniandes y Quantil



Primera Visita Función Valor del Estado y la Acción

Un problema relevante es que no se visiten todas las acciones.
Por ejemplo, si la poĺıtica es determińıstica. Dos formas de
atacar el problema:

1 Se eligen de forma aleatoria parejas estado-acción para iniciar
el algoritmo.

2 Se usan solamente funciones de poĺıtica que le dan probabilidad
positiva a todas las acciones (se introducen más adelante).
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Función de Poĺıtica Óptima de MC

La idea es iterar sobre la estimación de la función valor de la
acción y el mejoramiento de la poĺıtica.

5.3. Monte Carlo Control 97

to consider only policies that are stochastic with a nonzero probability of selecting all
actions in each state. We discuss two important variants of this approach in later sections.
For now, we retain the assumption of exploring starts and complete the presentation of a
full Monte Carlo control method.

Exercise 5.3 What is the backup diagram for Monte Carlo estimation of q⇡? ⇤

5.3 Monte Carlo Control

We are now ready to consider how Monte Carlo estimation can be used in control, that
is, to approximate optimal policies. The overall idea is to proceed according to the same
pattern as in the DP chapter, that is, according to the idea of generalized policy iteration

evaluation

improvement

⇡ Q

⇡ � greedy(Q)

Q � q⇡

(GPI). In GPI one maintains both an approximate policy and
an approximate value function. The value function is repeatedly
altered to more closely approximate the value function for the
current policy, and the policy is repeatedly improved with respect
to the current value function, as suggested by the diagram to
the right. These two kinds of changes work against each other to
some extent, as each creates a moving target for the other, but
together they cause both policy and value function to approach
optimality.

To begin, let us consider a Monte Carlo version of classical policy iteration. In
this method, we perform alternating complete steps of policy evaluation and policy
improvement, beginning with an arbitrary policy ⇡0 and ending with the optimal policy
and optimal action-value function:

⇡0
E�! q⇡0

I�! ⇡1
E�! q⇡1

I�! ⇡2
E�! · · · I�! ⇡⇤

E�! q⇤,

where
E�! denotes a complete policy evaluation and

I�! denotes a complete policy
improvement. Policy evaluation is done exactly as described in the preceding section.
Many episodes are experienced, with the approximate action-value function approaching
the true function asymptotically. For the moment, let us assume that we do indeed
observe an infinite number of episodes and that, in addition, the episodes are generated
with exploring starts. Under these assumptions, the Monte Carlo methods will compute
each q⇡k

exactly, for arbitrary ⇡k.

Policy improvement is done by making the policy greedy with respect to the current
value function. In this case we have an action-value function, and therefore no model is
needed to construct the greedy policy. For any action-value function q, the corresponding
greedy policy is the one that, for each s 2 S, deterministically chooses an action with
maximal action-value:

⇡(s)
.
= arg max

a
q(s, a). (5.1)

Policy improvement then can be done by constructing each ⇡k+1 as the greedy policy
with respect to q⇡k

. The policy improvement theorem (Section 4.2) then applies to ⇡k

Lecture 5: Model-Free Control

On-Policy Monte-Carlo Control

Generalised Policy Iteration

Generalised Policy Iteration with Action-Value Function

Starting 
Q, π

π = greedy(Q)

Q = qπ

q*, π*

Policy evaluation Monte-Carlo policy evaluation, Q = qπ

Policy improvement Greedy policy improvement?

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)
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Función de Poĺıtica Óptima de MC

Para mitigar el problema de que algunas acciones no se visitan
infinitas veces, usamos la exploración aleatoria de parejas
estados acción de inicio del algoritmo.

Esta estrategia puede no ser viable en particular cuando la
estimación está basada en la interacción con el ambiente.

Alternativamente podemos hacer una mejora ϵ-codiciosa.
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Monte Carlo ES (Exploring Starts), for estimating ⇡ ⇡ ⇡⇤

Initialize:
⇡(s) 2 A(s) (arbitrarily), for all s 2 S

Q(s, a) 2 R (arbitrarily), for all s 2 S, a 2 A(s)
Returns(s, a) empty list, for all s 2 S, a 2 A(s)

Loop forever (for each episode):
Choose S0 2 S, A0 2 A(S0) randomly such that all pairs have probability > 0
Generate an episode from S0, A0, following ⇡: S0, A0, R1, . . . , ST�1, AT�1, RT

G 0
Loop for each step of episode, t = T�1, T�2, . . . , 0:

G �G + Rt+1

Unless the pair St, At appears in S0, A0, S1, A1 . . . , St�1, At�1:
Append G to Returns(St, At)
Q(St, At) average(Returns(St, At))
⇡(St) argmaxa Q(St, a)

Exercise 5.4 The pseudocode for Monte Carlo ES is ine�cient because, for each state–
action pair, it maintains a list of all returns and repeatedly calculates their mean. It would
be more e�cient to use techniques similar to those explained in Section 2.4 to maintain
just the mean and a count (for each state–action pair) and update them incrementally.
Describe how the pseudocode would be altered to achieve this. ⇤

In Monte Carlo ES, all the returns for each state–action pair are accumulated and
averaged, irrespective of what policy was in force when they were observed. It is easy
to see that Monte Carlo ES cannot converge to any suboptimal policy. If it did, then
the value function would eventually converge to the value function for that policy, and
that in turn would cause the policy to change. Stability is achieved only when both
the policy and the value function are optimal. Convergence to this optimal fixed point
seems inevitable as the changes to the action-value function decrease over time, but has
not yet been formally proved. In our opinion, this is one of the most fundamental open
theoretical questions in reinforcement learning (for a partial solution, see Tsitsiklis, 2002).

Example 5.3: Solving Blackjack It is straightforward to apply Monte Carlo ES to
blackjack. Because the episodes are all simulated games, it is easy to arrange for exploring
starts that include all possibilities. In this case one simply picks the dealer’s cards, the
player’s sum, and whether or not the player has a usable ace, all at random with equal
probability. As the initial policy we use the policy evaluated in the previous blackjack
example, that which sticks only on 20 or 21. The initial action-value function can be zero
for all state–action pairs. Figure 5.2 shows the optimal policy for blackjack found by
Monte Carlo ES. This policy is the same as the “basic” strategy of Thorp (1966) with the
sole exception of the leftmost notch in the policy for a usable ace, which is not present
in Thorp’s strategy. We are uncertain of the reason for this discrepancy, but confident
that what is shown here is indeed the optimal policy for the version of blackjack we have
described.



Exploración Inicialización Algortimo Primera Visita

Obsérvese que este algoritmo es ineficiente al tener que
guardar todas las recompensas durante un episodio para
después sacar el promedio.

Se puede hacer una versión con actualizacione incrementales.

Dada un par estado accion, obsérvese que se promedian los
retornos de funciones de poĺıtica distintas.
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Figure 5.2: The optimal policy and state-value function for blackjack, found by Monte Carlo
ES. The state-value function shown was computed from the action-value function found by
Monte Carlo ES.

5.4 Monte Carlo Control without Exploring Starts

How can we avoid the unlikely assumption of exploring starts? The only general way to
ensure that all actions are selected infinitely often is for the agent to continue to select
them. There are two approaches to ensuring this, resulting in what we call on-policy
methods and o↵-policy methods. On-policy methods attempt to evaluate or improve the
policy that is used to make decisions, whereas o↵-policy methods evaluate or improve
a policy di↵erent from that used to generate the data. The Monte Carlo ES method
developed above is an example of an on-policy method. In this section we show how an
on-policy Monte Carlo control method can be designed that does not use the unrealistic
assumption of exploring starts. O↵-policy methods are considered in the next section.

In on-policy control methods the policy is generally soft, meaning that ⇡(a|s) > 0
for all s 2 S and all a 2 A(s), but gradually shifted closer and closer to a deterministic
optimal policy. Many of the methods discussed in Chapter 2 provide mechanisms for
this. The on-policy method we present in this section uses "-greedy policies, meaning
that most of the time they choose an action that has maximal estimated action value,
but with probability " they instead select an action at random. That is, all nongreedy
actions are given the minimal probability of selection, "

|A(s)| , and the remaining bulk of

the probability, 1� " + "
|A(s)| , is given to the greedy action. The "-greedy policies are

examples of "-soft policies, defined as policies for which ⇡(a|s) � "
|A(s)| for all states and

actions, for some " > 0. Among "-soft policies, "-greedy policies are in some sense those



ϵ-Suave

Si la exploracion de parejas de inicio no es viable la alternativa
es usar funciones de poĺıtica que con probablidad positiva
elijan todas las acciones (véase el siguiente algoritmo).

Lecture 5: Model-Free Control

On-Policy Monte-Carlo Control

Exploration

Monte-Carlo Policy Iteration

Starting 
Q, π

π = ε-greedy(Q)

Q = qπ

q*, π*

Policy evaluation Monte-Carlo policy evaluation, Q = qπ

Policy improvement ε-greedy policy improvement
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that are closest to greedy.

The overall idea of on-policy Monte Carlo control is still that of GPI. As in Monte
Carlo ES, we use first-visit MC methods to estimate the action-value function for the
current policy. Without the assumption of exploring starts, however, we cannot simply
improve the policy by making it greedy with respect to the current value function, because
that would prevent further exploration of nongreedy actions. Fortunately, GPI does not
require that the policy be taken all the way to a greedy policy, only that it be moved
toward a greedy policy. In our on-policy method we will move it only to an "-greedy
policy. For any "-soft policy, ⇡, any "-greedy policy with respect to q⇡ is guaranteed to
be better than or equal to ⇡. The complete algorithm is given in the box below.

On-policy first-visit MC control (for "-soft policies), estimates ⇡ ⇡ ⇡⇤

Algorithm parameter: small " > 0

Initialize:
⇡  an arbitrary "-soft policy
Q(s, a) 2 R (arbitrarily), for all s 2 S, a 2 A(s)
Returns(s, a) empty list, for all s 2 S, a 2 A(s)

Repeat forever (for each episode):
Generate an episode following ⇡: S0, A0, R1, . . . , ST�1, AT�1, RT

G 0
Loop for each step of episode, t = T�1, T�2, . . . , 0:

G �G + Rt+1

Unless the pair St, At appears in S0, A0, S1, A1 . . . , St�1, At�1:
Append G to Returns(St, At)
Q(St, At) average(Returns(St, At))
A⇤  argmaxa Q(St, a) (with ties broken arbitrarily)
For all a 2 A(St):

⇡(a|St) 
⇢

1� " + "/|A(St)| if a = A⇤

"/|A(St)| if a 6= A⇤

That any "-greedy policy with respect to q⇡ is an improvement over any "-soft policy
⇡ is assured by the policy improvement theorem. Let ⇡0 be the "-greedy policy. The
conditions of the policy improvement theorem apply because for any s 2 S:

q⇡(s, ⇡0(s)) =
X

a

⇡0(a|s)q⇡(s, a)

=
"

|A(s)|
X

a

q⇡(s, a) + (1� ") max
a

q⇡(s, a) (5.2)

� "

|A(s)|
X

a

q⇡(s, a) + (1� ")
X

a

⇡(a|s)� "
|A(s)|

1� "
q⇡(s, a)

(the sum is a weighted average with nonnegative weights summing to 1, and as such it
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Se llama ϵ-Suave porque π(a | s) ≥ ϵ
A(s) .

Son un ejemplo de poĺıticas ϵ-codiciosas.
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Predicción y Control Off-Policy

Hasta ahora todos los algoritmos utilizados utilizan la función
de poĺıtica corriente para simular datos y mejorarla. Se llaman
on-policy.

Los algoritmos off-policy usan una función politica externa
para ayudarle al algoritmo a aprender.
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Resumen

Programación dinámica:

Se conoce el proceso Markoviano.
Bootstrapping: se actualiza la función valor con base en
estimaciones de la función (futuras).

Montecarlo

No se conoce el proceso Markoviano.
Se aprende de la interacción o simulación.
Se puede enfocar en una región de estados, sin actualizar la
función valor en todo el espacio.
No hace boostrapping. Promedia retornos observados de la
interaccion con el ambiente comenzando de un estado (acción).
Esto le permite adaptarse mejor a procesos no Markovianos.

Montecarlo Uniandes y Quantil
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