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Introducción

Modela el ambiente en el que tiene lugar el apredizaje por
refuerzo.

Es lo suficientemente general para capturar la idea de que el
ambiente en el que se toma la decisión es dinámico y cambia
con las decisiones.

Por ejemplo, en el caso no asociativo la acción óptima se elige
a partir de una estimación q(a) (i.e., bandidos multibrazo),
mientras que en el caso asociativo es a partir de q(a, s) donde
s describe el estado (i.e., ambiente) en el momento de la
decisión.
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Introducción

Estudiaremos la construcción paso a paso de un proceso de
decision de Markov:

1 Proceso Markoviano.
2 Proceso Markoviano de Recompensas.
3 Proceso de Decisión de Markov.

Para esto utilizaremos algunos ejemplos tomados del curso de
RL de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-
content/uploads/2020/03/MDP.pdf)



Proceso Markoviano (básico)

Estados S = {Facebook,Class1, etc}.
Función de transición P : S → ∆(S)

Lecture 2: Markov Decision Processes

Markov Processes

Markov Chains

Example: Student Markov Chain
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Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Proceso Markoviano (básico)
Lecture 2: Markov Decision Processes

Markov Processes

Markov Chains

Example: Student Markov Chain Episodes
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Sample episodes for Student Markov
Chain starting from S1 = C1

S1,S2, ...,ST

C1 C2 C3 Pass Sleep

C1 FB FB C1 C2 Sleep

C1 C2 C3 Pub C2 C3 Pass Sleep

C1 FB FB C1 C2 C3 Pub C1 FB FB
FB C1 C2 C3 Pub C2 Sleep

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Proceso Markoviano (básico)
Lecture 2: Markov Decision Processes

Markov Processes

Markov Chains

Example: Student Markov Chain Transition Matrix

0.5

0.5

0.2
0.8 0.6

0.4

SleepFacebook

Class 2

0.9

0.1

Pub

Class 3 PassClass 1

0.2
0.4

0.4

1.0
P =




C1 C2 C3 Pass Pub FB Sleep

C1 0.5 0.5
C2 0.8 0.2
C3 0.6 0.4
Pass 1.0
Pub 0.2 0.4 0.4
FB 0.1 0.9
Sleep 1




Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Proceso Markoviano de Recompensas

Enriquecemos el modelo anterior suponiendo que hay una
función de recompensa R : S → R.
Con esta función definimos la función de retorno (i.e.,
objetivo):

Gt = Rt+1 + λRt+2 + ...+ λT−t−1RT (1)

En esta ecuación Rt+1 queda determinado por St aunque sea
una recompnesa inmediata en t. La lógica de esta notación
es que es necesario primero observar St antes de conocer
Rt+1.

En algunos textos se usa Rt en vez de Rt+1.

Por último, esta función juega un papel fundamental en la
teoŕıa. Función Valor de estado:
v(s) = E [Rt+1 + λRt+2 + ...+ λT−t−1RT | St = s]



Proceso Markoviano de Recompensas

La figura muestra la recompensa en cada estado (e.g.,
R(Facebook) = −1) y en rojo la funcion valor del estado
(e.g., v(C2) = 1,5, véase la próxima diapositiva)

Lecture 2: Markov Decision Processes

Markov Reward Processes

Value Function

Example: State-Value Function for Student MRP (3)
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v(s) for γ =1

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf).
v(s) se estima simulando episodios desde s.



Proceso Markoviano de Recompensas

Para calcular la función valor de cada estado se simulan varios
episodios y se calcula el retorno en cada episodio. La función
valor en el estado es el promedio del retorno de los episodios.

Por ejemplo la siguiente figura ilustra el procesos para estimar
v(C1) con γ = 1

2 en el ejemplo anterior.

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf).
v(s) se estima simulando episodios desde s.



Proceso Markoviano de Recompensas

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf).
v(s) se estima simulando episodios desde s.



Proceso Markoviano de Recompensas

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf).
v(s) se estima simulando episodios desde s.
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MDP

Los elementos principales del modelo de decisión markoviano
son:

1 El modelo del ambiente.
2 La función de recompensa.
3 La función valor (i.e., recompensa de varios periodos).
4 La función de poĺıtica (i.e., la decisión en cada periodo).



MDP

Un MDP es una generalización de un proceso markoviano.

Un Proceso de Markov es un proceso estocástico St en un
conjunto de estados S tal que:

P[St+1 = s ′ | St = s,St−1, ...,S0] = P[St+1 = s ′ | St = s]
(2)

Denotamos esta probabilida de transición por: P : S → ∆(S)
donde ∆(S) es el conjunto de distribuciones de probabilidad
sobre S .

En un Proceso de Decisión de Markov (MDP), las
probabilidades de transición entre los estados dependen de las
acciones de un agente.

La probabilidad de transición en este caso es de la forma:
P : S × A → ∆(S) donde A es el conjunto de acciones del
agente.



MDP

Un MDP es (S,A,P,R, γ) donde:
1 S es un conjunto de estados.
2 A es conjunto de acciones.
3 P : S × A → ∆(S) representa las probabilidades de transición.
4 R : S× A → R es una función de recompensa (instantánea).
5 γ ∈ [0, 1] es un factor de descuento intertemporal de

recompensas futuras.



MDP

48 Chapter 3: Finite Markov Decision Processes

these actions and presenting new situations to the agent.1 The environment also gives
rise to rewards, special numerical values that the agent seeks to maximize over time
through its choice of actions.

Agent

Environment

action
At

reward
Rt

state
St

Rt+1

St+1

Figure 3.1: The agent–environment interaction in a Markov decision process.

More specifically, the agent and environment interact at each of a sequence of discrete
time steps, t = 0, 1, 2, 3, . . ..2 At each time step t, the agent receives some representation
of the environment’s state, St 2 S, and on that basis selects an action, At 2 A(s).3 One
time step later, in part as a consequence of its action, the agent receives a numerical
reward , Rt+1 2 R ⇢ R, and finds itself in a new state, St+1.

4 The MDP and agent
together thereby give rise to a sequence or trajectory that begins like this:

S0, A0, R1, S1, A1, R2, S2, A2, R3, . . . (3.1)

In a finite MDP, the sets of states, actions, and rewards (S, A, and R) all have a finite
number of elements. In this case, the random variables Rt and St have well defined
discrete probability distributions dependent only on the preceding state and action. That
is, for particular values of these random variables, s0 2 S and r 2 R, there is a probability
of those values occurring at time t, given particular values of the preceding state and
action:

p(s0, r |s, a)
.
= Pr{St =s0, Rt =r | St�1 =s, At�1 =a}, (3.2)

for all s0, s 2 S, r 2 R, and a 2 A(s). The function p defines the dynamics of the MDP.
The dot over the equals sign in the equation reminds us that it is a definition (in this
case of the function p) rather than a fact that follows from previous definitions. The
dynamics function p : S⇥R⇥ S⇥A! [0, 1] is an ordinary deterministic function of four
arguments. The ‘|’ in the middle of it comes from the notation for conditional probability,

1We use the terms agent, environment, and action instead of the engineers’ terms controller, controlled
system (or plant), and control signal because they are meaningful to a wider audience.

2We restrict attention to discrete time to keep things as simple as possible, even though many of the
ideas can be extended to the continuous-time case (e.g., see Bertsekas and Tsitsiklis, 1996; Doya, 1996).

3To simplify notation, we sometimes assume the special case in which the action set is the same in all
states and write it simply as A.

4We use Rt+1 instead of Rt to denote the reward due to At because it emphasizes that the next
reward and next state, Rt+1 and St+1, are jointly determined. Unfortunately, both conventions are
widely used in the literature.

Impĺıcito en este dibujo es la forma como se actuliza la
información. (St ,At) determinan la recompensa R y estado S
en t + 1, Rt+1 y St+1.

(St ,At) → (St+1,Rt+1) (3)



Proceso de Decisión Markoviano (básico)

Función de transición determińıstica dados (s, a) excepto en
el estado PUB.

Lecture 2: Markov Decision Processes

Markov Decision Processes

MDP

Example: Student MDP
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Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



MDP

La dinámica completa de un MDP se puede describir con la
distribucion:

p(s ′, r ′ | s, a) = P(st+1 = s ′,Rt+1 = r ′ | St = s,At = a) (4)

o frecuentemente la escribimos como:

p(s ′, r | s, a) = P(st+1 = s ′,Rt+1 = r | St = s,At = a) (5)

La forma más común de utilizar la dinámica del MDP es:

p(s ′ | s, a) =
∑
r

P(st+1 = s ′,Rt+1 = r | St = s,At = a) (6)
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Función de Poĺıtica

El objetivo es maximizar el valor esperado del retorno (i.e.,
objetivo):

Gt = Rt+1 + γRt+2 + γ2Rt+3 + ...+ γT−t−1RT

donde T es la fecha de finalización de la interacción con el
ambiente. Por ejemplo el momento en el que termina un
juego. Cada juego o interacción completa se denomina un
episodio.

Una función de poĺıtica es π : S → ∆(A). Es una función
independiente del tiempo.

MDP Uniandes y Quantil



Función Valor del Estado

Podemos definir dos funciones valor: (1) Función valor del
estado para la poĺıtica π y (2). Función valor de la acción para
la poĺıtica π.

La función valor del estado es:

vπ(s) = Eπ[Gt | St = s]

donde se inicia en el estado s y a partir de ese momento se
continua usando la función de poĺıtica π.

La notación aterior resalta que el valor esperado depende de π
más alla del MDP que está en el trasfondo.

Más precisamente, una simulación del proceso estocástico
subyacente seŕıa:

s → a = π(s) → s ′ ∼ p(s ′ | s, a) → ... (7)



Función Valor de la Acción

La función valor de la acción:

qπ(s, a) = Eπ[Gt | St = s,At = a]

donde el sistema comienza en el estado s, la primera acción es
a y a partir de ese momento se sigue la poĺıtica π.
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Función valor óptima

La función valor optima se define como:

v∗(s) = máx
π

vπ(s)

v∗(s) = máx
π

Eπ[Rt+1 + γRt+2 + ...+ γT−t−1RT | s] (8)

MDP Uniandes y Quantil



Función de poĺıtica óptima

La función de poĺıtica óptima π∗ es el argumento que resuleve
el anterior problema. Es decir:

π∗(s) = argmaxπvπ(s) (9)

Entonces: v∗(s) = vπ∗(s).



Proceso de Decisión Markoviano (básico)
Funcion valor del estado óptima para ejemplo anterior (gran
parte del desarrollo de la teoŕıa es aprender a calcularla de
forma eficiente).

Lecture 2: Markov Decision Processes

Markov Decision Processes

Optimal Value Functions

Example: Optimal Value Function for Student MDP
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Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Proceso de Decisión Markoviano (básico)

Funcion de poĺıtica óptima para ejemplo anterior.

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Función valor óptima del estado y acción

La función de valor óptima del estado y acción se define como:

q∗(s, a) = máx
π

qπ(s, a)



Proceso de Decisión Markoviano (básico)

Funcion valor óptima de la acción para ejemplo anterior.

Lecture 2: Markov Decision Processes

Markov Decision Processes

Optimal Value Functions

Example: Optimal Action-Value Function for Student MDP
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Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Lo que viene...

Gran parte de la teoŕıa que desarrollaremos tiene como
propósito enseñar a calcular v∗(s), π∗(s) y q∗(s, a).

Por el momento vamos a dar algunos ejemplos económicos
relevantes de este formalismo.
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Modelo básico de crecimiento Brock - Mirman (1972)
determińıstico

El problema de crecimiento económico es:

máx
(ct)t=0,1,..

∞∑
t=0

βt log(ct) (10)

kt+1 = kαt − ct , k0 dado. (11)

donde α ∈ (0, 1), kt es el stock de capital de una econoḿıa y
ct es el consumo agregado.

MDP Uniandes y Quantil



Modelo básico de crecimiento Brock - Mirman (1972)
determińıstico

Como problema de RL:

Sea S = R+, A = R+, R(k , c) = log(c), donde k es el estado y
c es la acción.
La dinámica es determińıstica: kt+1 = kα

t − ct .
st = kt−1, at = ct−1, T = ∞, γ = β.
El problema de RL:

máx
π

log(ct) + γ log(ct+1) + ... (12)
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Modelo básico de crecimiento Brock - Mirman (1972)
estocástico

El problema de crecimiento económico es:

máx
(ct)t=0,1,..

E [
∞∑
t=0

βt log(ct)] (13)

kt+1 = ztk
α
t − ct , k0 dado. (14)

donde α ∈ (0, 1), kt es el stock de capital de una econoḿıa y
ct es el consumo agregado, log(zt) ∼ i .i .d ,N(0, σ2) es la
productividad total de los factores.

MDP Uniandes y Quantil



Modelo básico de crecimiento Brock - Mirman (1972)
estocástico

Como problema de RL:

Todo igual al ejemplo anterior excepto que la dinámica ahora
es estocástica. p(kt+1 | kt , ct) depende de la variable aleatoria
zt .



Robot que debe alcanzar estado terminal en grilla

15 estados.

Las acciones son moverse en cualquiera de los cuatro
direcciones cardinales. Sin embargo, si en algun caso la acción
saca a el agente del tablero, entonces se queda donde estaba.

Si la acción es determińıstica la transición también lo es.

1 2 3
4 5 6 7
8 9 10 11
12 13 14

Table 1: Small Gridworld: A simple example for MDP. In this Small Gridworld, each square with
number on it is a non-terminal state. The two shaded squares are the terminal state. The goal is
to make a robot move to the terminal state from any non-terminal state.

0.0 -14. -20. -22.
-14. -18. -20. -20.
-20. -20. -18. -14.
-22. -20. -14. 0.0

Table 2: State-Value Function for a random policy in Small Gridworld. We obtain the value
functions for this Small Gridworld by solving linear systems of Bellman equations.

The Bellman optimality equations are non-linear and there is no closed form solution in gen-
eral. We will show how to solve the system of Bellman equations for all the states by dynamic
programming in Section 3.

2.4 Example
We use the simple Gridworld example (see Table 1) to illustrate what an MDP is. To make things
simpler, we construct an undiscounted episodic MDP (i.e. the discount factor γ = 1). We describe
it as follows:

• States. There are 15 states. 14 non-terminal states are labeled 1,2,...,14. There is one terminal
state which is at the northwest and southeast corner and is shown as shaded squares.

• Actions. There are four actions {N,S,W,E}, i.e. moving north, south, west and east. Actions
leading out of the grid will leave the state unchanged.

• State transition probability matrix. There is no randomness after we make the action at the
given state so each element of the state transition matrix is either 1 or 0. For example,
P[St+1 = 1|St = 5, At = N] = 1 and P[St+1 = 4|St = 5, At = N] = 0.

• Discount factor. We use γ = 1 in this example.

• Reward function. Our goal is to make the robot achieve the terminal state from an initial
state s0 so we design the reward signal to be that the robot get −1 reward for each transition
until the terminal state is reached. We want the robot to get to the terminal as soon as
possible. And the robot will stop at the terminal state with no transition any more.

In this example, we can get the state-value function of each state for a given policy by solving the
linear equations. For example, for a random policy π(N|s) = π(S|s) = π(W|s) = π(E|s) = 0.25,∀s,
the value functions are shown in Table 2.

6



Ejemplo: Robot que debe alcanzar estado terminal en grilla

15 estados, γ = 1, recompensa = −1 siempre hasta llegar a
estado terminal.

Acciones = {N,W,E,S} si la acción saca al robot de la grilla
(e.g., una función de poĺıtica aleatoria) entonces no cambia de
estado.

1 2 3
4 5 6 7
8 9 10 11
12 13 14

Table 1: Small Gridworld: A simple example for MDP. In this Small Gridworld, each square with
number on it is a non-terminal state. The two shaded squares are the terminal state. The goal is
to make a robot move to the terminal state from any non-terminal state.

0.0 -14. -20. -22.
-14. -18. -20. -20.
-20. -20. -18. -14.
-22. -20. -14. 0.0

Table 2: State-Value Function for a random policy in Small Gridworld. We obtain the value
functions for this Small Gridworld by solving linear systems of Bellman equations.

The Bellman optimality equations are non-linear and there is no closed form solution in gen-
eral. We will show how to solve the system of Bellman equations for all the states by dynamic
programming in Section 3.

2.4 Example
We use the simple Gridworld example (see Table 1) to illustrate what an MDP is. To make things
simpler, we construct an undiscounted episodic MDP (i.e. the discount factor γ = 1). We describe
it as follows:

• States. There are 15 states. 14 non-terminal states are labeled 1,2,...,14. There is one terminal
state which is at the northwest and southeast corner and is shown as shaded squares.

• Actions. There are four actions {N,S,W,E}, i.e. moving north, south, west and east. Actions
leading out of the grid will leave the state unchanged.

• State transition probability matrix. There is no randomness after we make the action at the
given state so each element of the state transition matrix is either 1 or 0. For example,
P[St+1 = 1|St = 5, At = N] = 1 and P[St+1 = 4|St = 5, At = N] = 0.

• Discount factor. We use γ = 1 in this example.

• Reward function. Our goal is to make the robot achieve the terminal state from an initial
state s0 so we design the reward signal to be that the robot get −1 reward for each transition
until the terminal state is reached. We want the robot to get to the terminal as soon as
possible. And the robot will stop at the terminal state with no transition any more.

In this example, we can get the state-value function of each state for a given policy by solving the
linear equations. For example, for a random policy π(N|s) = π(S|s) = π(W|s) = π(E|s) = 0.25,∀s,
the value functions are shown in Table 2.
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