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Caracteŕısticas Principales

RL es una teoŕıa que busca descubrir principios simples y
generales que permitan caracterizar la inteligencia.

Idea principal: Aprender de interactuar con un ambiente.

Vamos a estudiar formas computacionales de hacer esto.

Las caracteristicas principales son: aprender de experimentar
(explotacion y exploracion) y recompensas diferidas (credit
assignment).

Cuando se tiene un modelo del ambiente se puede simular
(model based). Cuando no se tiene un modelo del ambiente se
debe interactuar con el (model free).

Los métodos basados en modelos sirven de gúıa de los
métodos sin modelo.
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Caso No Asociativo

Caso muy particular: El ambiente siempre es el mismo y no
cambia con la interacción con el aprendiz (i.e., solo hay un
estado del mundo).

Tenemos K-brazos (acciones):

La recompensa Rt(a) de tomar una accion At = a en el
momento t es una variable aleatoria: Rt(a). El valor
esperado es:

qt(a) = E [Rt(a) | At = a] (1)

Aprendizaje por Refuerzo: Introducción Uniandes y Quantil



Caso No Asociativo

El objetivo es elegir la mejor acción en cada periodo t.

No conocemos la distribución de la recompensa Rt(a) para
ninguna acción, de lo contrario seŕıa en principio fácil resolver:

máx
a

qt(a) (2)



Caso No Asociativo

Sin embargo, si Rt(a) es un proceso estacionario podemos
estimar qt(a) por el promedio de las acciones antes de t:

Qt(a) =

∑t−1
i=1 Ri (a)I[Ai=a]∑t−1

i=1 I[Ai=a]

(3)

y cambiar el problema por:

máx
a

Qt(a) (4)

En el caso estacionario escribimos qt = q∗
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Estrategia ϵ-codiciosa

Como Qt(a) es apenas una estimación del verdadero valor, la
estrategia anterior (codiciosa) puede no ser óptima en el largo
plazo.

Si en cada periodo, con probabiliad ϵ exploramos otras
acciones, esto puede mejorar la probabilidad de elegir de
forma óptima en el largo plazo.

ϵ es una medida de la incertidumbre que se tiene del
estimador Qt(a).

La estrategia que elige en cada periodo de forma codiciosa
con probabilidad 1− ϵ y explora con probabilidad ϵ la
llamamos ϵ-codiciosa.
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Experimento

La siguiente figura muestra la distribución Rt(a) para diez
valores de q⋆(a).

28 Chapter 2: Multi-armed Bandits

select randomly from among all the actions with equal probability, independently of
the action-value estimates. We call methods using this near-greedy action selection rule
"-greedy methods. An advantage of these methods is that, in the limit as the number of
steps increases, every action will be sampled an infinite number of times, thus ensuring
that all the Qt(a) converge to q⇤(a). This of course implies that the probability of selecting
the optimal action converges to greater than 1� ", that is, to near certainty. These are
just asymptotic guarantees, however, and say little about the practical e↵ectiveness of
the methods.

Exercise 2.1 In "-greedy action selection, for the case of two actions and " = 0.5, what is
the probability that the greedy action is selected? ⇤

2.3 The 10-armed Testbed

To roughly assess the relative e↵ectiveness of the greedy and "-greedy action-value
methods, we compared them numerically on a suite of test problems. This was a set
of 2000 randomly generated k -armed bandit problems with k = 10. For each bandit
problem, such as the one shown in Figure 2.1, the action values, q⇤(a), a = 1, . . . , 10,

0
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3

-3

-2

-1

q⇤(1)

q⇤(2)

q⇤(3)

q⇤(4)
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Reward
distribution

1 2 63 54 7 8 9 10

Action
Figure 2.1: An example bandit problem from the 10-armed testbed. The true value q⇤(a) of
each of the ten actions was selected according to a normal distribution with mean zero and unit
variance, and then the actual rewards were selected according to a mean q⇤(a) unit variance
normal distribution, as suggested by these gray distributions.
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Experimento: Resultados

En la realidad no conocemos las anteriores distribuciones, solo
que tenemos diez acciones disponibles (i.e., nos enfrentamos a
un bandido de 10 brazos).

La siguiente figura muestra los resultados de simular 2000
problemas (bandido de 10 brazos): cada simulacion se obtiene
como indica el texto de la figura anterior.

En cada problema de estos se usan estrategias ϵ-codiciosa por
1000 periodos.



Experimento: Resultados

2.3. The 10-armed Testbed 29

were selected according to a normal (Gaussian) distribution with mean 0 and variance 1.
Then, when a learning method applied to that problem selected action At at time step t,
the actual reward, Rt, was selected from a normal distribution with mean q⇤(At) and
variance 1. These distributions are shown in gray in Figure 2.1. We call this suite of test
tasks the 10-armed testbed. For any learning method, we can measure its performance
and behavior as it improves with experience over 1000 time steps when applied to one of
the bandit problems. This makes up one run. Repeating this for 2000 independent runs,
each with a di↵erent bandit problem, we obtained measures of the learning algorithm’s
average behavior.

Figure 2.2 compares a greedy method with two "-greedy methods ("=0.01 and "=0.1),
as described above, on the 10-armed testbed. All the methods formed their action-value
estimates using the sample-average technique. The upper graph shows the increase in
expected reward with experience. The greedy method improved slightly faster than the
other methods at the very beginning, but then leveled o↵ at a lower level. It achieved a
reward-per-step of only about 1, compared with the best possible of about 1.55 on this
testbed. The greedy method performed significantly worse in the long run because it
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Figure 2.2: Average performance of "-greedy action-value methods on the 10-armed testbed.
These data are averages over 2000 runs with di↵erent bandit problems. All methods used sample
averages as their action-value estimates.

La primera gráfica muestra la recompensa promedio y la
segunda el porcentaje de veces que cada estrategia seleccionó
la estrategia óptima.
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Implementación Incremental

El objetivo es hacer la estrategia anterior computacionalmente
eficiente:

1 En el número de cálculos a realizar.
2 En memoria.

Es fácil ver que:

Qt+1(a) = Qt(a) +
I[At=a]∑t
i=1 I[Ai=a]

(Rt(a)− Qt(a)) (5)

La forma general de esta estrategia es:

Nueva estimación← Estimación anterior + Tamaño del salto×
(Recompensa− Estimación anterior)

Obsérvese que entre más iteraciones, menor es el peso que se
le da a la actualización.
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Estrategia ϵ codiciosa: Pseudocódigo32 Chapter 2: Multi-armed Bandits

method uses the step-size parameter 1
n . In this book we denote the step-size parameter

by ↵ or, more generally, by ↵t(a).

Pseudocode for a complete bandit algorithm using incrementally computed sample
averages and "-greedy action selection is shown in the box below. The function bandit(a)
is assumed to take an action and return a corresponding reward.

A simple bandit algorithm

Initialize, for a = 1 to k:
Q(a) 0
N(a) 0

Loop forever:

A 
⇢

argmaxa Q(a) with probability 1� " (breaking ties randomly)
a random action with probability "

R bandit(A)
N(A) N(A) + 1
Q(A) Q(A) + 1

N(A)

⇥
R�Q(A)

⇤

2.5 Tracking a Nonstationary Problem

The averaging methods discussed so far are appropriate for stationary bandit problems,
that is, for bandit problems in which the reward probabilities do not change over time.
As noted earlier, we often encounter reinforcement learning problems that are e↵ectively
nonstationary. In such cases it makes sense to give more weight to recent rewards than
to long-past rewards. One of the most popular ways of doing this is to use a constant
step-size parameter. For example, the incremental update rule (2.3) for updating an
average Qn of the n� 1 past rewards is modified to be

Qn+1
.
= Qn + ↵

h
Rn �Qn

i
, (2.5)

where the step-size parameter ↵ 2 (0, 1] is constant. This results in Qn+1 being a weighted
average of past rewards and the initial estimate Q1:

Qn+1 = Qn + ↵
h
Rn �Qn

i

= ↵Rn + (1� ↵)Qn

= ↵Rn + (1� ↵) [↵Rn�1 + (1� ↵)Qn�1]

= ↵Rn + (1� ↵)↵Rn�1 + (1� ↵)2Qn�1

= ↵Rn + (1� ↵)↵Rn�1 + (1� ↵)2↵Rn�2 +

· · · + (1� ↵)n�1↵R1 + (1� ↵)nQ1

= (1� ↵)nQ1 +

nX

i=1

↵(1� ↵)n�iRi. (2.6)
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Decaimiento exponencial

En el algoritmo anterior, entre más iteraciones, menor es el
peso que se le da a la actualización.

Con decaimiento exponencial se utiliza un parámetro
α ∈ (0, 1) y la actualización:

Qt+1(a) = Qt(a) + α(Rt(a)− Qt(a)) (6)

Esto corresponde a darle más peso a las últimas recompensas:

Qt+1(a) = αRt(a) + (1− α)Qt(a) (7)

= (1− α)tQ1(a) + α

t∑

i=1

(1− α)t−iRi (a) (8)
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Dependencia de valores iniciales

Los resultados del algoritmo ϵ-codicioso dependen de la
estimación inicial Q1(a). Este sesgo puede desaparecer solo
despues de muchas iteraciones.

Una forma de fomentar la exploración es iniciar el algoritmo
con valores muy optimistas de Q1(a) (lejos de cero). Por
ejemplo si Q1(a) es muy alto, elegir cualquier a implica que
Q2(a) se actualiza a un menor valor. Luego, en la próxima
iteración se elige un nuevo a (aún en modo explotación). De
esa forma se eligen todos los a más rápidamente.
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Incertidumbre

Hemos visto que la estrategia ϵ- codiciosa es una forma de
reponder a la incertidumbre de la estrategia codiciosa.

Dos formas de abordar este problema:
1 UCB (Upper Confidence Bound).
2 Una aproximación Bayesiana (i.e., Thompson Sampling).
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Incertidumbre

UCB (Upper Confidence Bound): La estrategia ϵ-codicioso
cuando elige de forma aleatoria, lo hace de forma uniforme.
Sin embargo, seŕıa mejor si se elige con mayor probabilidad
aquellas acciones que tiene un buen balance de rentabilidad e
incertidumbre:

At = argmaxa{Qt(a) + c

√
ln(t)

Nt(a)
} (9)

donde t es el número de veces que se ha disparado alguna
arma y Nt(a) es el número de veces que la arma a se ha
disparado.

El segundo término es una medida de la incertidumbre. Entre
mas incierta la acción más incentivo a elegirla. La
incertidumbre aumenta cuando se ha disparado pocas veces
esa arma.



UCB
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Estudio Compartivo Algoritmos

Aprendizaje por Refuerzo: Introducción Uniandes y Quantil



Introducción
Bandido Multibrazo

Caso Asociativo
Estado del Arte

Contenido

1 Introducción

2 Bandido Multibrazo
Estrategia ϵ-codiciosa
Experimento
Implementación
Caso no Estacionario
Dependencia de valores iniciales
Incertidumbre
Estudio Compartivo Algoritmos

3 Caso Asociativo

4 Estado del Arte

Aprendizaje por Refuerzo: Introducción Uniandes y Quantil



Introducción
Bandido Multibrazo

Caso Asociativo
Estado del Arte

Generalización

Una generalización importante de lo que hemos hecho hasta
este punto es introducir un estado St (variable aleatoria) que
revela información relevante para tomar una acción: contexto.

Un paso más allá es permitir que las acciones modifican el
contexto o ambiente: St+1 = h(St , at),Rt(s, a). Este es el
caso asociativo, el caso más general que se estudia en
aprendizaje por refuerzo.
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AlphaZero

Game White Black Win Draw Loss

Chess
AlphaZero Stockfish 25 25 0
Stockfish AlphaZero 3 47 0

Shogi
AlphaZero Elmo 43 2 5
Elmo AlphaZero 47 0 3

Go
AlphaZero AG0 3-day 31 – 19
AG0 3-day AlphaZero 29 – 21

Table 1: Tournament evaluation of AlphaZero in chess, shogi, and Go, as games won, drawn
or lost from AlphaZero’s perspective, in 100 game matches against Stockfish, Elmo, and the
previously published AlphaGo Zero after 3 days of training. Each program was given 1 minute
of thinking time per move.

strongest skill level using 64 threads and a hash size of 1GB. AlphaZero convincingly defeated
all opponents, losing zero games to Stockfish and eight games to Elmo (see Supplementary Ma-
terial for several example games), as well as defeating the previous version of AlphaGo Zero
(see Table 1).

We also analysed the relative performance of AlphaZero’s MCTS search compared to the
state-of-the-art alpha-beta search engines used by Stockfish and Elmo. AlphaZero searches just
80 thousand positions per second in chess and 40 thousand in shogi, compared to 70 million
for Stockfish and 35 million for Elmo. AlphaZero compensates for the lower number of evalu-
ations by using its deep neural network to focus much more selectively on the most promising
variations – arguably a more “human-like” approach to search, as originally proposed by Shan-
non (27). Figure 2 shows the scalability of each player with respect to thinking time, measured
on an Elo scale, relative to Stockfish or Elmo with 40ms thinking time. AlphaZero’s MCTS
scaled more effectively with thinking time than either Stockfish or Elmo, calling into question
the widely held belief (4, 11) that alpha-beta search is inherently superior in these domains.3

Finally, we analysed the chess knowledge discovered by AlphaZero. Table 2 analyses the
most common human openings (those played more than 100,000 times in an online database
of human chess games (1)). Each of these openings is independently discovered and played
frequently by AlphaZero during self-play training. When starting from each human opening,
AlphaZero convincingly defeated Stockfish, suggesting that it has indeed mastered a wide spec-
trum of chess play.

The game of chess represented the pinnacle of AI research over several decades. State-of-
the-art programs are based on powerful engines that search many millions of positions, leverag-
ing handcrafted domain expertise and sophisticated domain adaptations. AlphaZero is a generic
reinforcement learning algorithm – originally devised for the game of Go – that achieved su-
perior results within a few hours, searching a thousand times fewer positions, given no domain

3The prevalence of draws in high-level chess tends to compress the Elo scale, compared to shogi or Go.

5
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