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Ejemplos

Programación Dinámica

Alvaro J. Riascos Villegas
Universidad de los Andes y Quantil

Octubre de 2024

Programación Dinámica Uniandes y Quantil



Programación Dinámica
Ecuaciones de Bellman

Ecuaciones de Bellman Óptimas
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Iteración de la Función de Poĺıtica
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Programación Dinámica: Introducción

Es una estrategia para resolver el problema de RL cuando se
conoce perfectamente el MDP.

Motiva todos los demás métodos mucho más generales que
permiten resolver el problema de RL aún cuando el MDP es
conocido parcialmente o desconocido completamente.

Esto métodos son basados en la observación de la interacción
con el ambiente o en simulaciones.

La base de la PD son las ecuaciones de Bellman.

Decimos que es un método que hace bootstraps
(autoreferencia o itera sobre si mismo): utiliza estimaciones de
la función de interés (i.e., función valor o de poĺıtica) para
actualizar la misma función.
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Ecuación de Bellman: Función Valor del Estado

La ecuación de Bellman de la función valor de estado es
(T =∞):

vπ(s) = Eπ[Rt+1 + γGt+1 | s]
=
∑

a

π(a | s)(Eπ[Rt+1 | s, a] + γEπ[Gt+1 | s, a])

=
∑

a

π(a | s)


∑

s′,r

p(s ′, r | s, a)r + γEπ[Gt+1 | s, a]




Ahora, consideremos la version muestra de Eπ[Gt+1 | s, a]
para entender que variables entran en consideración.
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Ecuación de Bellman: Función Valor del Estado

Eπ[Gt+1 | s, a] = Eπ[Rt+2 + γRt+3 + ... | s, a].
Luego Gt+1 depende de (St+1,At+1,St+2,At+2, ...).

La versión muestral se obtiene simulando:

St = s,At = a→ St+1 ∼ p(| St ,At)→ At+1 ∼ π(| St+1)
(1)

St+2 ∼ p(| St+1,At+1)→ At+2 ∼ π(| St+2)
(2)

...
(3)

luego, dado un St+1 = s ′ este determina toda la simulación
(se puede ignorar s y a).



Ecuación de Bellman: Función Valor del Estado

Se sigue que:

Eπ[Gt+1 | s, a] =
∑

s′

p(s ′ | s, a)Eπ[Gt+1 | s, a, s ′] (4)

=
∑

s′

p(s ′ | s, a)Eπ[Gt+1 | s ′] (5)

donde la última igualdad es consecuencia de la propiedad de
Markov o puede deducirse de la versón muestral.

Ahora p(s ′ | s, a) se obtiene de marginalizar p(s ′, r | s, a).
Recapitulando con lo anterior, finalmente obtenemos la
ecuación de Bellman de la función valor del estado:

vπ(s) =
∑

a

π(a | s)


∑

r ,s′

p(s ′, r | s, a)
(
r + γvπ(s

′)
)





Ecuación de Bellman: Función Valor del Estado

En resumen la ecuación de Bellman de la función valor de
estado (i.e., ecuación de Bellman de expectativas) es:

vπ(s) =
∑

a

π(a | s)


∑

r ,s′

p(s ′, r | s, a)
(
r + γvπ(s

′)
)



Dada una función de poĺıtica y un MDP, la ecuación de
Bellman define un sistema de n ecuaciones lineales (i.e., una
por cada estado) y n incógnitas (i.e., vπ(s)).



Cómo estimar la función valor del estado?

El problema de estimación de la función valor del estado para
una poĺıtica se conoce como Evaluación de Poĺıtica o
Predicción (i.e., estimar vπ(s)):

1 Fuerza bruta: simular muchos episodios como se mencionó en
la introducción (no usa Bellman).

2 Resolver n-ecuaciones lineales. En la práctica es
computacionalemnte muy complejo.

3 Alternativamente, interpretar el problema como un problema
de punto fijo e iterar la funcion de Bellman: Evaluación
iterativa de la función de poĺıtica (Iterative Policy Evaluation).



Ejemplo: Proceso Markoviano de Recompensas
En vez de simular episodios y calcular el promedio de los
retornos se puede resolver la ecuación de Bellman de la
función valor del estado. Obsérvece que en este ejemplo no es
necesario especificar un función de poĺıtica, no hay acciones.

Lecture 2: Markov Decision Processes

Markov Reward Processes

Value Function

Example: State-Value Function for Student MRP (3)
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Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf).
v(s) se estima resolviendo las ecuaciones lineales de Bellman.



Ejemplo: Acciones sobre una grilla

Considere la grilla de la figura. Las acciones son N,S,E,O. Una
acción que implique salirse de la grilla, no cambia el estado y
tiene recopensa -1.

Cualquier otra acción tiene recopensa cero excepto, acciones
que saque al agente de A o B. Estas tienen recompensas de
10 y 5 respectivamente y modifican el estado como se
muestra en la figura.

γ = 0,9

60 Chapter 3: Finite Markov Decision Processes

compute, approximate, and learn v⇡. We call diagrams like that above backup diagrams
because they diagram relationships that form the basis of the update or backup operations
that are at the heart of reinforcement learning methods. These operations transfer
value information back to a state (or a state–action pair) from its successor states (or
state–action pairs). We use backup diagrams throughout the book to provide graphical
summaries of the algorithms we discuss. (Note that, unlike transition graphs, the state
nodes of backup diagrams do not necessarily represent distinct states; for example, a
state might be its own successor.)

Example 3.5: Gridworld Figure 3.2 (left) shows a rectangular gridworld representation
of a simple finite MDP. The cells of the grid correspond to the states of the environment. At
each cell, four actions are possible: north, south, east, and west, which deterministically
cause the agent to move one cell in the respective direction on the grid. Actions that
would take the agent o↵ the grid leave its location unchanged, but also result in a reward
of �1. Other actions result in a reward of 0, except those that move the agent out of the
special states A and B. From state A, all four actions yield a reward of +10 and take the
agent to A0. From state B, all actions yield a reward of +5 and take the agent to B0.

3.7. VALUE FUNCTIONS 63
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Figure 3.4: Backup diagrams for (a) v⇡ and (b) q⇡.

the states of the environment. At each cell, four actions are possible: north,
south, east, and west, which deterministically cause the agent to move one
cell in the respective direction on the grid. Actions that would take the agent
o� the grid leave its location unchanged, but also result in a reward of �1.
Other actions result in a reward of 0, except those that move the agent out
of the special states A and B. From state A, all four actions yield a reward of
+10 and take the agent to A�. From state B, all actions yield a reward of +5
and take the agent to B�.

Suppose the agent selects all four actions with equal probability in all
states. Figure 3.5b shows the value function, v⇡, for this policy, for the dis-
counted reward case with � = 0.9. This value function was computed by solv-
ing the system of equations (3.10). Notice the negative values near the lower
edge; these are the result of the high probability of hitting the edge of the grid
there under the random policy. State A is the best state to be in under this pol-
icy, but its expected return is less than 10, its immediate reward, because from
A the agent is taken to A�, from which it is likely to run into the edge of the
grid. State B, on the other hand, is valued more than 5, its immediate reward,
because from B the agent is taken to B�, which has a positive value. From B� the
expected penalty (negative reward) for possibly running into an edge is more

3.3 8.8 4.4 5.3 1.5

1.5 3.0 2.3 1.9 0.5

0.1 0.7 0.7 0.4 -0.4

-1.0 -0.4 -0.4 -0.6 -1.2

-1.9 -1.3 -1.2 -1.4 -2.0

A B

A'

B'+10

+5

Actions

(a) (b)

Figure 3.5: Grid example: (a) exceptional reward dynamics; (b) state-value
function for the equiprobable random policy.

Figure 3.2: Gridworld example: exceptional reward dynamics (left) and state-value function
for the equiprobable random policy (right).

Suppose the agent selects all four actions with equal probability in all states. Figure 3.2
(right) shows the value function, v⇡, for this policy, for the discounted reward case with
� = 0.9. This value function was computed by solving the system of linear equations
(3.14). Notice the negative values near the lower edge; these are the result of the high
probability of hitting the edge of the grid there under the random policy. State A is the
best state to be in under this policy, but its expected return is less than 10, its immediate
reward, because from A the agent is taken to A0, from which it is likely to run into the
edge of the grid. State B, on the other hand, is valued more than 5, its immediate reward,
because from B the agent is taken to B0, which has a positive value. From B0 the expected
penalty (negative reward) for possibly running into an edge is more than compensated
for by the expected gain for possibly stumbling onto A or B.

Exercise 3.14 The Bellman equation (3.14) must hold for each state for the value function
v⇡ shown in Figure 3.2 (right) of Example 3.5. Show numerically that this equation holds
for the center state, valued at +0.7, with respect to its four neighboring states, valued at
+2.3, +0.4, �0.4, and +0.7. (These numbers are accurate only to one decimal place.) ⇤
Exercise 3.15 In the gridworld example, rewards are positive for goals, negative for
running into the edge of the world, and zero the rest of the time. Are the signs of these

Figura: Una acción que saque al agente de A o B además de la
recompensa transporta al agente a A’, B’ respectivamente.



Ecuación de Bellman: Valor del Estado y la Acción

Un argumento idéntico al utilizado para derivar la ecuacion de
Bellman de la función valor nos lleva a:

qπ(s, a) =

(∑

r

(∑

s′

p(s ′, r | s, a)
)
r + γEπ[Gt+1 | s, a]

)

Ahora, por la ecuación 5:

Eπ[Gt+1 | s, a] =
∑

s′

p(s ′ | s, a)Eπ[Gt+1 | s ′] (6)

=
∑

s′

p(s ′ | s, a)
∑

a′

π(a′ | s ′)Eπ[Gt+1 | s ′, a′] (7)

=
∑

s′

p(s ′ | s, a)
∑

a′

π(a′ | s ′)q(s ′, a′) (8)



Ecuación de Bellman: Valor del Estado y la Acción

Despues de marginalizar p(s ′, r , | s, a) se obetiene la ecuacion
de Bellman de la función valor del estado y la acción:

qπ(s, a) =
∑

r

∑

s′

p(s ′, r | s, a)
(
r + γ

∑

a′

π(a′ | s ′)qπ(s ′, a′)
)

(9)

De nuevo este es un sistema lineal de ecuaciones en qπ(s, a).
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4 Evalución o Predicción de la Poĺıtica
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Preliminares: Mejoramiento de la Poĺıtica I

Proposición

Supongamos que para s, a se cumple qπ(s, a) ≥ vπ(s), entones
para todo s, vπ(s) ≥ vπ(s), donde π se igual π para todo s ̸= s
excepto en s = s donde π(s) = a.
Si la primera desigualdad es estricta la segunda también para s.

Figura: Una acción que saque al agente de A o B además de la
recompensa transporta al agente a A’, B’ respectivamente.
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Preliminares: Mejoramiento de la Poĺıtica I

Otra forma equivalente de la proposición anterior es:
Sean π y π′ dos funciones de poĺıtica tales que para todo s,
qπ(s, π

′(s)) ≥ vπ(s), entones para todo s, vπ′(s) ≥ vπ(s)
Si la primera desigualdad es estricta en algún estado, entonces
la segunda también en ese estado.
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Ecuación de Bellman: Función Valor Óptima

La ecuación de Bellman para la función valor del estado se
debe cumplir para π = π∗, luego:

v∗(s) =
∑

a

π∗(a | s)


∑

r ,s′

p(s ′, r | s, a)
(
r + γv∗(s ′)

)



esto implica que:

v∗(s) ≤ máx
a


∑

r ,s′

p(s ′, r | s, a)
(
r + γv∗(s ′)

)



Programación Dinámica Uniandes y Quantil



Ecuación de Bellman: Función Valor Óptima

La proposición anterior implica que no puede ser cierto que:

v∗(s) < máx
a


∑

r ,s′

p(s ′, r | s, a)
(
r + γv∗(s ′)

)



pues en ese caso existiŕıa una poĺıtica mejor que π∗.

De esta forma obtenemos la la ecuación de Bellman de la
función valor del estado óptima:

v∗(s) = máx
a


∑

r ,s′

p(s ′, r | s, a)
(
r + γv∗(s ′)

)





Ecuación de Bellman: Función Valor Óptima del Estado

Ecuación de Bellman para la función valor del estado óptima:

v∗(s) = máx
a


∑

r ,s′

p(s ′, r | s, a)
(
r + γv∗(s ′)

)



Obérvese que define un sistema de ecuaciones no lineales.

También puede interpretarse como el punto fijo de un
operador en un espacio de funciones. Esto motiva la siguiente
estrategia para solucionarla.

Obsérvese que esta ecuación es equivalente a:

v∗(s) = máx
a

q∗(s, a) (10)

Esto establece una forma para ir de q∗(s, a)→ v∗(s).



Ejemplo: Acciones sobre una grilla

3.6. Optimal Policies and Optimal Value Functions 65

representing a function of state–action pairs, instead of just of states, the optimal action-
value function allows optimal actions to be selected without having to know anything
about possible successor states and their values, that is, without having to know anything
about the environment’s dynamics.

Example 3.8: Solving the Gridworld Suppose we solve the Bellman equation for v⇤
for the simple grid task introduced in Example 3.5 and shown again in Figure 3.5 (left).
Recall that state A is followed by a reward of +10 and transition to state A0, while state
B is followed by a reward of +5 and transition to state B0. Figure 3.5 (middle) shows the
optimal value function, and Figure 3.5 (right) shows the corresponding optimal policies.
Where there are multiple arrows in a cell, all of the corresponding actions are optimal.

a) gridworld b) V* c) !*

22.0 24.4 22.0 19.4 17.5

19.8 22.0 19.8 17.8 16.0

17.8 19.8 17.8 16.0 14.4

16.0 17.8 16.0 14.4 13.0

14.4 16.0 14.4 13.0 11.7

A B

A'

B'+10

+5

v* π*Gridworld v⇤ ⇡⇤
Figure 3.5: Optimal solutions to the gridworld example.

Example 3.9: Bellman Optimality Equations for the Recycling Robot Using
(3.19), we can explicitly give the Bellman optimality equation for the recycling robot
example. To make things more compact, we abbreviate the states high and low, and the
actions search, wait, and recharge respectively by h, l, s, w, and re. Because there are
only two states, the Bellman optimality equation consists of two equations. The equation
for v⇤(h) can be written as follows:

v⇤(h) = max

⇢
p(h |h, s)[r(h, s, h) + �v⇤(h)] + p(l |h, s)[r(h, s, l) + �v⇤(l)],
p(h |h, w)[r(h, w, h) + �v⇤(h)] + p(l |h, w)[r(h, w, l) + �v⇤(l)]

�

= max

⇢
↵[rs + �v⇤(h)] + (1� ↵)[rs + �v⇤(l)],
1[rw + �v⇤(h)] + 0[rw + �v⇤(l)]

�

= max

⇢
rs + �[↵v⇤(h) + (1� ↵)v⇤(l)],
rw + �v⇤(h)

�
.

Following the same procedure for v⇤(l) yields the equation

v⇤(l) = max

8
<
:

�rs � 3(1� �) + �[(1� �)v⇤(h) + �v⇤(l)],
rw + �v⇤(l),
�v⇤(h)

9
=
; .

For any choice of rs, rw, ↵, �, and �, with 0  � < 1, 0  ↵, �  1, there is exactly
one pair of numbers, v⇤(h) and v⇤(l), that simultaneously satisfy these two nonlinear
equations.



Ecuación de Bellman: Función Valor del Estado y la Acción

Óptima

Ecuación de Bellman para la función valor del estado y la
acción óptima:

q∗(s, a) =
∑

r ,s′

p(s ′, r | s, a)
(
r + γmáx

a′
q∗(s ′, a′)

)

Obsérvese que esto es equivalente a:

q∗(s, a) =
∑

r ,s′

p(s ′, r | s, a)
(
r + γv∗(s ′)

)

Esto establece una forma para ir de v∗(s)→ q∗(s, a).



Programación Dinámica
Ecuaciones de Bellman

Ecuaciones de Bellman Óptimas
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Algoritmos para Estimar la Función Valor y de Poĺıtica Óptima
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Preliminares

El problema de estimación de la función valor del estado para
una poĺıtica se conoce como Evaluación de Poĺıtica o
Predicción (i.e., estimar vπ(s)):

Este problema es conceptualmente sencillo: resolver
n-ecuaciones lineales. En la práctica es computacionalemnte
muy complejo.

Alternativamente interpretar el problema como un problema
de punto fijo e iterar la ecuación de Bellman: Evaluación
iterativa de la función de poĺıtica (Iterative Policy Evaluation).

v0π → v1π → v2π ...→ vπ (11)

Obsérvese que en principio se deben hacer muchas iteraciones.

Programación Dinámica Uniandes y Quantil



Evalución o Predicción de la Poĺıtica

Considere el siguiente ejemplo del robot que debe alcanzar el
estado terminal en una grilla. La columna izquierda muestra el
resultado de iterar la ecuación de Bellman cuando la función
de poĺıtica es aleatoria uniforme.



Evaluación de Poĺıtica o Predicción
4.2. Policy Improvement 77
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 0.0  0.0  0.0  0.0

 0.0  0.0  0.0

-1.0 -1.0 -1.0

-1.0 -1.0 -1.0 -1.0

-1.0 -1.0 -1.0 -1.0

-1.0 -1.0 -1.0

-1.7 -2.0 -2.0

-1.7 -2.0 -2.0 -2.0

-2.0 -2.0 -2.0 -1.7

-2.0 -2.0 -1.7

-2.4 -2.9 -3.0

-2.4 -2.9 -3.0 -2.9

-2.9 -3.0 -2.9 -2.4

-3.0 -2.9 -2.4

-6.1 -8.4 -9.0

-6.1 -7.7 -8.4 -8.4

-8.4 -8.4 -7.7 -6.1

-9.0 -8.4 -6.1

-14. -20. -22.

-14. -18. -20. -20.

-20. -20. -18. -14.

-22. -20. -14.

Vk  for the

Random Policy

Greedy Policy

w.r.t. Vk

k = 0

k = 1

k = 2

k = 10

k = !

k = 3

optimal 
policy

random 
policy

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

vk
      for the

random policy
vk greedy policy

    w.r.t. vk

Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Preliminares: Mejoramiento de la Poĺıtica II

Proposición

Supongamos que para s, a se cumple qπ(s, a) ≥ qπ(s, a), entones
para todo s, vπ(s) ≥ vπ(s), donde π se igual π para todo s ̸= s
excepto en s = s donde π(s) = a.
Si la primera desigualdad es estricta la segunda también para s.

Figura: Una acción que saque al agente de A o B además de la
recompensa transporta al agente a A’, B’ respectivamente.
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Preliminares: Mejoramiento de la Poĺıtica II

La poĺıtica π′ que mejora la poĺıtica π de forma codiciosa:

π′(s) = argmaxaqπ(s, a) (12)

se llama poĺıtica de mejoramiento.
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Iteración de la Función de Poĺıtica

Policy Iteration consiste en Evaluar, Mejorar, Iterar varias
veces:

80 Chapter 4: Dynamic Programming

s 2 S, illustrating policy improvement. Although in this case the new policy ⇡0 happens
to be optimal, in general only an improvement is guaranteed.

4.3 Policy Iteration

Once a policy, ⇡, has been improved using v⇡ to yield a better policy, ⇡0, we can then
compute v⇡0 and improve it again to yield an even better ⇡00. We can thus obtain a
sequence of monotonically improving policies and value functions:

⇡0
E�! v⇡0

I�! ⇡1
E�! v⇡1

I�! ⇡2
E�! · · · I�! ⇡⇤

E�! v⇤,

where
E�! denotes a policy evaluation and

I�! denotes a policy improvement . Each
policy is guaranteed to be a strict improvement over the previous one (unless it is already
optimal). Because a finite MDP has only a finite number of policies, this process must
converge to an optimal policy and optimal value function in a finite number of iterations.

This way of finding an optimal policy is called policy iteration. A complete algorithm is
given in the box below. Note that each policy evaluation, itself an iterative computation,
is started with the value function for the previous policy. This typically results in a great
increase in the speed of convergence of policy evaluation (presumably because the value
function changes little from one policy to the next).

Policy Iteration (using iterative policy evaluation) for estimating ⇡ ⇡ ⇡⇤

1. Initialization
V (s) 2 R and ⇡(s) 2 A(s) arbitrarily for all s 2 S

2. Policy Evaluation
Loop:

� 0
Loop for each s 2 S:

v  V (s)
V (s) P

s0,r p(s0, r |s, ⇡(s))
⇥
r + �V (s0)

⇤

� max(�, |v � V (s)|)
until � < ✓ (a small positive number determining the accuracy of estimation)

3. Policy Improvement
policy-stable true
For each s 2 S:

old-action ⇡(s)
⇡(s) argmaxa

P
s0,r p(s0, r |s, a)

⇥
r + �V (s0)

⇤

If old-action 6= ⇡(s), then policy-stable false
If policy-stable, then stop and return V ⇡ v⇤ and ⇡ ⇡ ⇡⇤; else go to 2

Lecture 3: Planning by Dynamic Programming

Policy Iteration

Policy Iteration

Policy evaluation Estimate vπ
Iterative policy evaluation

Policy improvement Generate π′ ≥ π
Greedy policy improvement

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)
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Iteración de la Función de Poĺıtica: Ejemplo
Arrendamiento de autos: ver siguiente diapositiva.

4.3. Policy Iteration 81

Example 4.2: Jack’s Car Rental Jack manages two locations for a nationwide car
rental company. Each day, some number of customers arrive at each location to rent cars.
If Jack has a car available, he rents it out and is credited $10 by the national company.
If he is out of cars at that location, then the business is lost. Cars become available for
renting the day after they are returned. To help ensure that cars are available where
they are needed, Jack can move them between the two locations overnight, at a cost of
$2 per car moved. We assume that the number of cars requested and returned at each
location are Poisson random variables, meaning that the probability that the number is
n is �n

n! e
��, where � is the expected number. Suppose � is 3 and 4 for rental requests at

the first and second locations and 3 and 2 for returns. To simplify the problem slightly,
we assume that there can be no more than 20 cars at each location (any additional cars
are returned to the nationwide company, and thus disappear from the problem) and a
maximum of five cars can be moved from one location to the other in one night. We take
the discount rate to be � = 0.9 and formulate this as a continuing finite MDP, where
the time steps are days, the state is the number of cars at each location at the end of
the day, and the actions are the net numbers of cars moved between the two locations
overnight. Figure 4.2 shows the sequence of policies found by policy iteration starting
from the policy that never moves any cars.
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Figure 4.2: The sequence of policies found by policy iteration on Jack’s car rental problem,
and the final state-value function. The first five diagrams show, for each number of cars at
each location at the end of the day, the number of cars to be moved from the first location to
the second (negative numbers indicate transfers from the second location to the first). Each
successive policy is a strict improvement over the previous policy, and the last policy is optimal.



Iteración de la Función de Poĺıtica: Ejemplo

Cada auto se arrienda por 10.

Mover carros entres parqueaderos cuesta 2.

La solicitud y retorno de carros es una variable aleatoria con
distribucion de Poisson (conocida) p(n) = λn

n! e
−λ.

Máximo se pueden estacionar 10 autos por cada parqueadero.
Máximo mover cinco carros por dia. Los carros solo se pueden
usar el d́ıa después.

γ = 0,9.



Proceso Generalizado de Iteración de la Función de Poĺıtica

Generalized Policy Iteration consiste en Evaluar, Mejorar,
Iterar de forma más libre siempre buscando mejorar la poĺıtica
que se tiene y aproximando más la función valor a la óptima
(quizás con apenas algunas interaciones en la evaluación antes
de hacer mejoramiento de la poĺıtica).

GPI refleja una estrategia de cooperación/competencia entre
la función valor y la función de poĺıtica. Cuando se esta
evaluando la función valor, están cooperando para ser
consitentes. Cuando se esta haciendo una mejora de la función
poĺıtica se está compitiendo.



Iteración de la Función Valor

Evaluar (una sola iteración), Mejorar, Iterar.

Es un caso particular del método de iteración de la función
poĺıtica: en el paso de evaluación de la poĺıtica o predicción,
iterar una sola vez.

Lecture 3: Planning by Dynamic Programming

Value Iteration

Value Iteration in MDPs

Example: Shortest Path
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Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Programación Dinámica Asincrónica

Los métodos descritos hasta este punto requieren que se
actualice la función valor en todos los estados.

Tres formas de evitarlo: In-place DP, Prioritize sweeeping y
DP en tiempo real.



In Place DP

Se actualiza la función valor en un estado usando la ultima
función valor disponible.



Prioritize sweeeping

Se actualiza priorizando de acuerdo al estado en el cual el
cambio en la función valor es mayor.



Programación Dinámica Resumen
Lecture 3: Planning by Dynamic Programming

Value Iteration

Summary of DP Algorithms

Synchronous Dynamic Programming Algorithms

Problem Bellman Equation Algorithm

Prediction Bellman Expectation Equation
Iterative

Policy Evaluation

Control
Bellman Expectation Equation

Policy Iteration
+ Greedy Policy Improvement

Control Bellman Optimality Equation Value Iteration

Algorithms are based on state-value function vπ(s) or v∗(s)

Complexity O(mn2) per iteration, for m actions and n states

Could also apply to action-value function qπ(s, a) or q∗(s, a)

Complexity O(m2n2) per iteration

Figura: Tomado de David Silver: Lecture 2
(https://www.davidsilver.uk/wp-content/uploads/2020/03/MDP.pdf)



Programación Dinámica
Ecuaciones de Bellman

Ecuaciones de Bellman Óptimas
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Ecuaciones de Bellman Óptimas
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Ejemplo: Modelo básico de crecimiento Brock - Mirman
(1972) determińıstico

Sea u(ct) = log(ct), f (kt) = kαt donde α ∈ (0, 1), δ = 1 y k0
es dado.
El problema de crecimiento óptimo es:

máx
{ct}

∞∑

t=0

βt log (ct)

s.a : kt+1 = kαt − ct ,

ct , kt ≥ 0.

El problema funcional asociado es:

v(k) = máx
c
{log(c) + βv(kα − c)}

s.a : 0 ≤ c ≤ kα

Programación Dinámica Uniandes y Quantil



Ejemplo: Modelo básico de crecimiento Brock - Mirman
(1972) determińıstico

Para resolver este problema utilizaremos el método dado por
el teorema del punto fijo para contracciones.

Sea v0 = 0, entonces:

v1(k) = máx
c
{log(c)}

s.a : 0 ≤ c ≤ kα

este problema tiene la solución de esquina c = kα, luego
v1(k) = α log(k). Para calcular v2 resolvemos el problema:

v2(k) = máx
c
{log(c) + βα log(kα − c)}

s.a : 0 ≤ c ≤ kα

que lo resuelve c = kα

1+βα , luego

v2(k) = α(1 + βα) log(k) + βα log

(
βα

1 + βα

)
− log(1 + βα).



Ejemplo: Modelo básico de crecimiento Brock - Mirman
(1972) determińıstico

Ahora, de igual forma podemos deducir que:

v3(k) = α(1 + βα+ β2α2) log(k) + β2α log

(
βα

1 + βα

)
+

(βα+ β2α2) log

(
βα+ β2α2

1 + βα+ β2α2

)

− log(1 + βα+ β2α2)− β log(1 + βα)

Luego en general vemos que

vn(k) = An +

(
α

n−1∑
i=0

(βα)i
)
log(k), donde An es una

constante que debemos determinar.



Ejemplo: Modelo básico de crecimiento Brock - Mirman
(1972) determińıstico

Se sigue que v(k) = A+ α
1−βα log(k), donde A es una

constante que podemos encontrar simplemente observando
que v debe satisfacer:

v(k) = máx
c
{log(c) + βv(kα − c)}

s.a : 0 ≤ c ≤ kα

Es decir,

A+
α

1− βα
log(k) = máx

c
{log(c) + β(A+

α

1− βα
log(kα − c))}

s.a : 0 ≤ c ≤ kα

Con un poco de álgebra se puede mostrar que la solución a
este problema es c = (1− βα)kα y
v(k) = 1

1−β (log(1− βα) + βα
1−βα log(βα)) + α

1−βα log(k).



Ejemplo: Modelo básico de crecimiento Brock - Mirman
(1972) determińıstico

De esta forma tenemos que la dinámica de la variable de
estado satisface: kt+1 = βαkαt

La escogencia óptima para la variable de control, dada la
variable de estado, es: ct = (1− βα)kαt . La función que
expresa la escogencia óptima de las variables de control en
términos de las variables de estado se llama función de
poĺıtica.

Por tanto, en este caso, la función de poĺıtica es
ct = (1− βα)kat .



Ejemplo: Robot que debe alcanzar estado terminal en grilla

15 estados.

1 2 3
4 5 6 7
8 9 10 11
12 13 14

Table 1: Small Gridworld: A simple example for MDP. In this Small Gridworld, each square with
number on it is a non-terminal state. The two shaded squares are the terminal state. The goal is
to make a robot move to the terminal state from any non-terminal state.

0.0 -14. -20. -22.
-14. -18. -20. -20.
-20. -20. -18. -14.
-22. -20. -14. 0.0

Table 2: State-Value Function for a random policy in Small Gridworld. We obtain the value
functions for this Small Gridworld by solving linear systems of Bellman equations.

The Bellman optimality equations are non-linear and there is no closed form solution in gen-
eral. We will show how to solve the system of Bellman equations for all the states by dynamic
programming in Section 3.

2.4 Example
We use the simple Gridworld example (see Table 1) to illustrate what an MDP is. To make things
simpler, we construct an undiscounted episodic MDP (i.e. the discount factor γ = 1). We describe
it as follows:

• States. There are 15 states. 14 non-terminal states are labeled 1,2,...,14. There is one terminal
state which is at the northwest and southeast corner and is shown as shaded squares.

• Actions. There are four actions {N,S,W,E}, i.e. moving north, south, west and east. Actions
leading out of the grid will leave the state unchanged.

• State transition probability matrix. There is no randomness after we make the action at the
given state so each element of the state transition matrix is either 1 or 0. For example,
P[St+1 = 1|St = 5, At = N] = 1 and P[St+1 = 4|St = 5, At = N] = 0.

• Discount factor. We use γ = 1 in this example.

• Reward function. Our goal is to make the robot achieve the terminal state from an initial
state s0 so we design the reward signal to be that the robot get −1 reward for each transition
until the terminal state is reached. We want the robot to get to the terminal as soon as
possible. And the robot will stop at the terminal state with no transition any more.

In this example, we can get the state-value function of each state for a given policy by solving the
linear equations. For example, for a random policy π(N|s) = π(S|s) = π(W|s) = π(E|s) = 0.25,∀s,
the value functions are shown in Table 2.

6



Ejemplo: Robot que debe alcanzar estado terminal en grilla

Función valor del estado (γ = 1, recompensa = −1 siempre hasta
llegar a estado terminal, acciones = N,W,E,S; poĺıtica aleatoria - si
se sale del tablero no cambia el estado).

1 2 3
4 5 6 7
8 9 10 11
12 13 14

Table 1: Small Gridworld: A simple example for MDP. In this Small Gridworld, each square with
number on it is a non-terminal state. The two shaded squares are the terminal state. The goal is
to make a robot move to the terminal state from any non-terminal state.
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Table 2: State-Value Function for a random policy in Small Gridworld. We obtain the value
functions for this Small Gridworld by solving linear systems of Bellman equations.

The Bellman optimality equations are non-linear and there is no closed form solution in gen-
eral. We will show how to solve the system of Bellman equations for all the states by dynamic
programming in Section 3.

2.4 Example
We use the simple Gridworld example (see Table 1) to illustrate what an MDP is. To make things
simpler, we construct an undiscounted episodic MDP (i.e. the discount factor γ = 1). We describe
it as follows:

• States. There are 15 states. 14 non-terminal states are labeled 1,2,...,14. There is one terminal
state which is at the northwest and southeast corner and is shown as shaded squares.

• Actions. There are four actions {N,S,W,E}, i.e. moving north, south, west and east. Actions
leading out of the grid will leave the state unchanged.

• State transition probability matrix. There is no randomness after we make the action at the
given state so each element of the state transition matrix is either 1 or 0. For example,
P[St+1 = 1|St = 5, At = N] = 1 and P[St+1 = 4|St = 5, At = N] = 0.

• Discount factor. We use γ = 1 in this example.

• Reward function. Our goal is to make the robot achieve the terminal state from an initial
state s0 so we design the reward signal to be that the robot get −1 reward for each transition
until the terminal state is reached. We want the robot to get to the terminal as soon as
possible. And the robot will stop at the terminal state with no transition any more.

In this example, we can get the state-value function of each state for a given policy by solving the
linear equations. For example, for a random policy π(N|s) = π(S|s) = π(W|s) = π(E|s) = 0.25,∀s,
the value functions are shown in Table 2.
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Ejemplo: Robot que debe alcanzar estado terminal en grilla

Función valor de la poĺıtica aleatoria.

k = 0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0

k = 1
0.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 0.0

k = 2
0.0 -1.7 -2.0 -2.0
-1.7 -2.0 -2.0 -2.0
-2.0 -2.0 -2.0 -1.7
-2.0 -2.0 -1.7 0.0

k = 3
0.0 -2.4 -2.9 -3.0
-2.4 -2.9 -3.0 -2.9
-2.9 -3.0 -2.9 -2.4
-3.0 -2.9 -2.4 0.0

k = 10
0.0 -6.1 -8.4 -9.0
-6.1 -7.7 -8.4 -8.4
-8.4 -8.4 -7.7 -6.1
-9.0 -8.4 -6.1 0.0

k =∞
0.0 -14. -20. -22.
-14. -18. -20. -20.
-20. -20. -18. -14.
-22. -20. -14. 0.0

Table 3: Iterative policy evaluation for Small Gridworld. We show the value functions we get at
iterations k = 0, 1, 2, 3, 10 of policy evaluation, and the true value functions denoted by k =∞. We
could see that the value function are converging to the true value functions as k becomes larger.

3 Dynamic Programming
In the previous section, we introduce MDP to formalize the reinforcement learning problem. In
this section, we describe how to solve an MDP. Basically, it is done by dynamic programming.
Generally speaking, dynamic programming solves a complex problem by breaking it down into
simpler recursive subproblems, solving each of those subproblems just once, and storing and reusing
their solutions. In RL, Bellman equation gives recursive decompositions; value function stores and
reuses solutions. We will introduce three paradigms of dynamic programming in reinforcement
learning: policy evaluation, policy iteration and value iteration. Policy evaluation is used to find
the value function of a certain policy. Policy iteration and value iteration are used to find the
optimal value function and optimal policy.

3.1 Policy Evaluation
In section 2, we evaluate a given policy by solving a couple of linear equations. Now we use dynamic
programming to solve it. The basic idea is that we believe the Bellman equation is true. We start
from an initial guess v1 and then apply Bellman equation iteratively to it: v1 → v2 → . . . vπ. We
use synchronous updates, that is, we update the value functions of the present iteration at the same
time based on the that of the previous iteration. At each iteration k + 1, for all states s ∈ S, we
update vk+1 from vk(s

′) according to Bellman equations, where s′ is a successor state of s:

vk+1(s) =
∑

a∈A
π(a|s)

(
Ras + γ

∑

s′∈S
Pass′vk(s′)

)
.

The iterative process stops when the maximum difference between value function at the current
step and that at the previous step is smaller than some small positive constant. See Table 3 for the
convergence of the policy evaluation in the Small Gridworld example.

3.2 Policy Iteration
Our ultimate goal is to find the optimal policy. We could use policy iteration to find it. The policy
iteration algorithm proceeds as follows

7



Ejemplo: Robot que debe alcanzar estado terminal en grilla

Iteración de ecuación de optimalidad de Bellman.

k = 0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0

k = 1
0.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 0.0

k = 2
0.0 -1.0 -2.0 -2.0
-1.0 -2.0 -2.0 -2.0
-2.0 -2.0 -2.0 -1.0
-2.0 -2.0 -1.0 0.0

k = 3
0.0 -1.0 -2.0 -3.0
-1.0 -2.0 -3.0 -2.0
-2.0 -3.0 -2.0 -1.0
-3.0 -2.0 -1.0 0.0

Table 5: Value Iteration for Small Gridworld. We show iterations k = 0, 1, 2, 3 in value iteration.
Three steps of value iterations give the optimal value function.

3.3 Value Iteration
We will introduce an alternative way to find the optimal policy and value function, which is value
iteration. The value iteration proceeds as follows:

1. For each state s, initialize v(s) = 0

2. Repeat until the maximum difference between value function at the current step and that at
the previous step is smaller than some small positive constant: Using synchronous updates,
for each state s, let v(s) := maxa∈A

(
Ras + γ

∑
s′∈S Pass′v(s′)

)
.

Then we can get the optimal policy from the optimal function. We show how value iteration works
for our Small Gridworld example in Table 5.

3.4 Convergence
We will now show the convergence guarantee of policy evaluation, and value iteration by Contraction
Mapping Theorem. Consider the vector space V over value functions. The dimension is |S|. Each
point in this space specifies a state-value function. We measure the distance between two state-value
functions u and v by the ∞-norm, i.e. the largest difference between state values:

‖u− v‖∞ = max
s∈S
|u(s)− v(s)|.

We can rewrite the Bellman equation (1) in the matrix form.

vπ = Rπ + γPπvπ,
where vπ is a column vector with one entry per state.



vπ(1)

...
vπ(n)


 =



Rπ1
...
Rπn


+ γ



Pπ11 · · · Pπ1n
...

...
...

Pπn1 · · · Pπnn






vπ(1)

...
vπ(n)


 .

Define the Bellman equation backup operator

Tπ(v) = Rπ + γPπv.

9



Ejemplo: Robot que debe alcanzar estado terminal en grilla

Función de poĺıtica óptima

W W W,S
N E,N E,S S
N N,E S,E S
N,E E E

Table 4: Optimal Policy in Small Gridworld. We illustrate the optimal policy obtained by policy
iteration in Small Gridworld. The robot will choose the greedy direction towards the terminal state.

1. Initialize π randomly

2. Repeat until the previous policy and the current policy are the same.

(a) Evaluate vπ by policy evaluation.

(b) Using synchronous updates, for each state s, let

π(s) := argmax
a∈A

q(s, a) = argmax
a∈A

(
Ras + γ

∑

s′∈S
Pass′vπ(s′)

)
.

For our Small Gridworld example, the update in the inner-loop is just choosing the action towards
the largest previous state-value function.

We can prove that this policy iteration algorithm will improve the policy for each step. Suppose
we have a deterministic policy π and then after one step we get π′. The iteration improves the
value from any state s over one step,

qπ(s, π
′(s)) = max

a∈A
qπ(s, a) ≥ qπ(s, π(s)) = vπ(s).

The iteration also improves the value function, vπ′(s) ≥ vπ(s) because:

vπ(s) ≤ qπ(s, π′(s)) = Eπ′ [Rt+1 + γvπ(St+1)|St = s]

≤ Eπ′ [Rt+1 + γqπ(St+1, π
′(St+1))|St = s]

≤ Eπ′ [Rt+1 + γRt+2 + γ2qπ(St+2, π
′(St+2))|St = s]

≤ Eπ′ [Rt+1 + γRt+2 + . . . |St = s] = vπ′(s).

If improvements stop,

qπ(s, π
′(s)) = max

a∈A
qπ(s, a) = qπ(s, π(s)) = vπ(s),

which means the Bellman optimality equation has been satisfied,

vπ(s) = max
a∈A

qπ(s, a).

Therefore, vπ(s) = v∗(s) for all s ∈ S and π is an optimal policy. If we evaluate the optimal policy,
we get the optimal value function. For our Gridworld example, actually one step of policy iteration
can help us get the optimal policy. The optimal policy is shown in 4.
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